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ADVERTISEMENT. 

NoN£ but those who are ju9t enteriag upon 
the study of Mathematics need to be informed 
iof the high character of Euler's Algebra. It 
has been allowed to hold the very iu'st plaqf 
among elementary works upon this subject. 
The author was a man of genius. He did not, like 
most writers, compile from others. He wrote 
from his own reflections. He simplified and im- 
proved what was known, and added much that 
was new. He is particularly distinguished for the 
clearness and comprehensiveness of his views. 
He seems to have the subject of which he treats 
present to his mind in all its relations and 
bearings before he begins to write. The parts 
of it are arranged in the most admirable order* 
Each step is introduced by the preceding, and 
leads to that which follows, and the whole taken 
together constitutes an entire and connected 
piece, like a highly wrought story. 

This author is remarkable also for his illus- 
trations. He teaches by instances. He presents 
one example after another, each evident by 
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itself, and each throwing some new light apon 
the sabject, till the reader begins to anticipate 
for himself the troth to be inculcated. 

Some opinion may be formed of the adapta- 
tion of this treatise to learners, from the cir- 
cumstances under which it was composed. It 
was undertaken after the aathor became blind, 
and was dictated to a young man entirely with- 
out education, who by this means became an 
expert algebraist, and was aUe to rendet the 
author importunt services as an amanuensis^ 
It was written originally in Carman. It haa 
since been translated into Russian, French, and 
English, with notes and additions. 

The entire work con^iists of two yolomes 
octaro, and contains many things intended tfxt 
the professed mathematician, rather than th« 
general student. It was thought that a selee^ 
tion of such parts as would form an easy intro^ 
duction to the science would be well received, 
and tend to promote a taste for analysis among 
the higher class of students, and to raise the 
character of mathematical learning. 

N'otwitbstanding the high estimation in whiok 
this work has been held, it is scarcely to be met 
with in the ctfuntry, and is very little known in 
England. On the continent of Europe thi^ 
author is the constant theme of eulogy. His 
writings have the character of classics. They 
are res^arded at the same time as the most 



profound tmd tbe most per^icuous, tmd as 
affOTdifig the . finest models of analysis. Tbej 
furnish the geiins of the . most approved ele- 
mentary iforks on the differeot branches of this 
sfdenfie. The constant reply of one of tb« fii*st 
mathematicians* of France to those wbp cop- 
iidted him upon :the hest method of studying 
matbemailics was, ^9tuiy Euler.^^ '^ It is need* 
kns,^^ said he, ^< to accumulate books ; true 
kiven of mathematics will always read Euler ; 
because in his writings every tfaiag is clear, 
distinct, and leomect ; because they swarm with 
Ifxceltent etamples; and because it is always 
necessary to have recourse to the fountain 
head." 

The selections here offered are from the first 
English edition. A few errors have been cor- 
rected and a few alterations made in the 
phraseology. In the original no questions were 
left to be performed by the learner. A collec- 
tion was made by the English translator and 
subjoined at the end with references to the 
sections to which they relate. These have been 
mostly retained, and some new ones have been 
added. f 

Although this work is Intended particularly 
for the algebraical student, it will be found to 
contain a clear and full explanation of the fun- 
damental principles of arithmetic ; vulgar frac- 

• LagTMigc. 
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tions, the doctrine of roots and powers, of the 
different kinds of proportion and proj^ression, 
are treated in a manner, that can hardly fail to 
interest the learner and make him acquainted 
M^ith the reason of those rules vhich he has so 
frequent occasion to apply. 

A more extended work on Algebra formed 
after the same model is now in the press and will 
soon be published. This will be followed by 
other treatises upon the different branches of 
pure mathematics. 

JOHN FARRAR, 

Proftiiar «f Utothematict and Natonl Philoioplij in th^ 
Unlrenity «t Caabridge, 

Cambridge, February, 1818. 
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INTRODUCTION 

TO TBI 

ELEMENTS OF ALGEBRA. 
SECTION L 

ClFTHE DIFFERENT MSTUOBS OF OALOULATION APPLIED TO SIMPLE 
qUAMTlTIES. 

CHAPTER L 

Of Miitltematics in general. 

ABTICiX I. 

Whatbybb is capable of increase or diminution^ is called 
magnitude or quantiiff. 

A sttfo of money, for instance^ is a quantity, since we may in- 
crease it or diminish it 'The same may be said with respect to 
any given weight, and other things of this nature. 

S. From this definition, it is evident, that there must be so ma- 
ny diiferent kinds* of magnitude as to render it diflScuIt even to 
enumerate them : and this is the origin of the different blanches 
of mathematics, each being employed on a particular kind 
of magnitude. Mathematics, in general, is the science cf quan^ 
tUy ; or the science which investigates the means of measuring 
quantity. 

3. Now we cannot measure or determine any quantity, 
except by considering some other quantity of the same kind 
as known, and pointing out their mutual relation. If it were 
proposed, for example, to determine the quantity of a sum of 
money, we should take some known piece of money (as a dollar^ 
a crown, a ducat, or some other coin,) and shew how many, of 
1 



2 SgOkm, l^ect. 1. 

these pieces are contained in the given sum« In the same nDui- 
ner» ir it were proposed to determine the quantity of a weif^ht^ 
we should take a certain known weight ; for example^ a pounds 
an ounce, &c.9 and then shew how maay times one of these 
weights is contained in that which we are endeaTovring to as- 
certain. If we wished to measure any length or extenmon^ we 
should make use of some known length, as a foot for example. 

4. So that the determination, or the measure of magnitude of 
all kinds, it reduced to this : fix at pleasure upon any one known 
magnitude of the same species witli that which is to be deter* 
mined, and consider it as the measure or utrii ; then, determine 
the proportion of the proposed magnitude to this known mea- 
sure. This proportion is always expressed by numbers ; so 
that a number is nothing but tlie proportion of one magrittude 
to another arbitrarily assumed as the unit. 

5. From this it appears, that all magnttades may be expressed 
by numbers ; and that the foundation of all the mathematical 
sciences must be laid in a complete treatise on the science of 
numbers ; and in an accurate examination of the different pos* 
aible methods of calculation. 

This fundamental part of mathematks is caQed analyds, or 
algebra. 

6. In algebra then we consider only numbers which repre- 
sent quantities, without regardinj^ the different kinds of quantity. ^ 
These arc the subjects of other branches of the mathematics. 

7. Arithmetic treats of numbers in particular, and is the 
science oj numbers properly so catted ; but this science extends 
only to certain methods of calculation whi^h occur in common 
practice: algebra, on the contrary, comprehends in general 
all the cases which can exist in the doctrine and calculation of 
numbers. 
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CHAPTER IL 

' Soeplanation of the signs + plus and — minus. 

S. Wnmr ve ba^e to add one givm number to another, thiH 
is indicated by the sign + wbich is placed before the second 
nundierf and is read pins. Thus 5 + S signifies that we must 
ftdd a to the nnmfaer 5, and every one knows that the result is 
a f in the same SMnner 12 + 7 make 19 ; S5 + 16 make 41 ; the 
Mm of 'S5 + 41 is 66, &e^ 

9. We also make use of thesamesi|pi + orjrfitSytoc<MKiect 
several minibers together .; for example, 7+5 + 9 sigQifies that 
t0 the number 7 we must add 6 and also 9, wbioh make 31. TJie 
nad^ will therefore understand what is meant by 

8 + 5 + 15+114.1+3-1*10; 
vi»0 the sum of ail these mmbers, >rhieh is 51. 

10* All tbis is evident ; and we have only to mention, that, 
ki algebra, injnrder to genen^se numbers, we represent tbem 
by letters, as a, i, c, d, &c. Thus the expression a + b signifies 
the sum of two numbers, which we express by a and ft, and 
these numbers may be either very great or very smalL In the 
same manner9/+ m + ft + a?, signifies the sum of the numbers 
represented by these four letters. 

If we know therefore the numbers that are represented by 
letters, we shall at all times be able to find by arithmetic, the 
sum or value of similar expressions. 

lU When it is required, on the contrary, to subtract one 
given number from another, tbis operation is denoted by the 
sign — f which signifies minust and is {daced before the number 
to be subtracted : thus 8 — 5 signifies that the number 5 is to be 
taken from the number 8 1 which being done, there remains S. 
In like manner 12 — 7 is the same as 5 ; and £0 •— 14 b thesame 
as 6, &c. 

1 2. Sometimes also we may have several numbers to be subtract- 
ed from a single one ; as for instance, 50 — 1 — 3 — 5-^7 — 9. 
This signifies, first, take 1 from 50, tliere remains 49 ; take 3 from 
that remainder, there will remain 46 ; take away 5,41 remain;^; 
take away 7, 34 remains.; lastly, from that take 9^ and there 
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remainli £5 ; this last remainder is the value of the expresrion^ 
But as the numbers 1, S, 5, 7» 9f are all to be subtracted, it is 
the same thing if v/e subtract their sum^ which is d% at onco 
from 5O9 and the remainder will be £5 as before, 

13. It is also very ea^r to determine the value of similar 
expressions, in which both the signs 4. plui and — miims ara 
found: forexainple; 

Id-^ 3 .^ 5 ^ S »-^ 1 is the same as 5. 
life have only to collect separately ihe sum of the numbera that 
have the sign + before them, and subtract fk^m it Iha suna off 
those that have ttie sign — . The sum of 12 and 8 is 14 ; that 
of 3, 5 and 1, is 9 ; now 9 being taken from 14» there remahfis 5* 

14. It wfllbe perceived fhim these examples that the order 
in uhich we toriU the nwmibers is qmk imlifferent and mrbUrarjf, 
provided tlie proper sign of each be preserved. We might with 
equal propriety have arranged the expression in the precediiiff 
article thus -12+2 — 5 — 3— l,orfi— !~S— S + lSjorS^- 
lS. — 3 — 1 . — Sy or in stil] diflferent orders. It must be dbserved^ 
that in the expression proposed, the sign -f is supposed to be 
placed before the number 12. 

15. It will not be attended with any more dtflcalty, i(^ ift 
order to generalise these operations^ we make use of letters 
instead of real numbers. It is evident, for example, timt 

fl — ft — c + di— tf 
signifies that we have numbers expressed by a and d, and that 
from these numbers, or from their sum, wo must subtract the 
numbers expressed by the letters b, c, e, which tiave before them 
the sign — . 

16. Hence it is absolutely necessary to consider what sign.fs 
prefixed to each number : for in algebrUf simple qtuintUies are 
numbers amsidered wiih regard to tlie signs which prec^le, or 
affecfthem. Further, we call those positive quantities, before 
which tlie sign + is found ; and those are called negative quau' 
iitieSf which are affected with the sign — • 

17. The manner in which we generally calculate a person's 
property, is a good illustration of what has just been said. We 
denote what a man really possesses by positive numbers, using, 
tfrimderstaning the sign tf; whereas his debts are repi-esent*' 
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«d by n^s^tive iuHiibera» or ky wing tbetrign -»-^ Tkuiy when 
it is said of My one that he has 100 crowns, but owes 50» this 
ittsans that his propetty reaUy amounts to loa«^ 50 ; or^ which 
is the sain^ thing, + lOO <^ 00, that is to say 50» 

18. As mjfative nanAers may be conaidersd aa AtMnf becaose 
pti^tive numbers represent real possessions, we. may say that 
negative numbers are less than nothing. Thus, when a man 
has nothing in the woild, and even owes 50 crowns, it is certain 
thajt betes 50 crowns Jess than nothing $ for if any one were to 
mal^ vhin a pres«it.of $Q crowns to pay his debts, he would 
atitt be only at the point nothing, though really richer than 
before* 

19. In the same manner therefore as positive nnmbei^ are 
ineoatestably greater than nothing, negative numbers are less 
t)ian noHdng.* Now we obtain positive numbei-s by adding 1 to 
0,tbat is to say^ to nothing; and by continuing always to in* 
crease thus from nnity. This is the origfai of tho series of num- 
bers called no^nriit tmrnbers ; the (oHo wing am the leading terms 
aS. this series : . ^ 

0, ^ 1, + 2, + 3, + 4, + 5, + 6, + r, + 8» + 9, + 10, 
and so on to ininity* ' 

But if instead of continuingttda series by successive additions, 
we continued it in the opposite direction, by perpetually sub« 
tracting uni^, we should have the series of negative numbers : 

0,— 1,-^2,-3, — 4, — 5, — e,~r, — 8, — 9, — 10, 
and so on to infinity. 

* By bein^ less ^an nothing is meant sunply that they are of such a nature 
as to cancel or destroy an equal number with the sign plus before it, so that 
— 4, or — a is as really a positive thing, and is as easily conceived, as + 4 or 
H* a» The quantity 4 or a may be considered independently of its sign. The 
sign + implies that this quantity is to be added, and the^sigQ--> that it is to 
be subtracted. This subject may be Ulostirated by the scale of a thermome- 
ter. After observing the mercury to stand at 50**, for instance, I am told, 
that it has changed 4°, I have a distin3t idea of the portion of the scale de* 
noted by four of its divisions, without applying them in any particular direc* 
tion.. But when I am further informed • that this change of the thermometer 
is — or subtraetive with respect to its former state, I then understand that 
the mercury stan(^ at 46^, whereas it would be at 54^ if the change had bcea 
4. or additi4%. 
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SO. AU these nambers, v^hether positire or negative^ hare the 
known appellation of whole niimbers, of iniegerSf which conse-* 
qaently are either greater or less than nothing. We call them 
integerSf to distinguish them from fractions, and from several 
other kinds of minibers of which we shall hereafter apeak. For 
instance, 50 being greater by an entire unit than 49» it te e^y 
to comprehend that there may be between 49 and 50 an tnfinitjr 
of intermediate numbers, all greater than 4!^, and yet all less 
than 50* We need only imagine two lines, one 50 feet the 
other 49 feet long, and it it eirident that there may be drawn an 
infinite number of lines all longer than 49 feet, and yet shorter 
than 50* 

SU It is of the utmost importance throogh the whde of 
algebra, that a precise idea be formed of those negative quanti- 
ties about which we have been speaking. I shall content myse^ 
with remarking here that all sueb expressione, as 

+ I— !, + «— £, + S — S, + 4— 4,&c. 
are equal to or nothing. And that 

+ £ •— 5 is equal to -^ S. 
For if a person has d crowns, and owes 5, he has not only 
nothing, but still o\^es S crowns : in tlie same manner, 
7— 12 is equal to — 5, and 25 — 40 is equal to — 15. 

22. The same observations hoM true» when, to make the 
expression more general, letters are used instead of mimbers : 
or nothing will always be the waloe of + ^ -~ ^* If ^^ ^>sh to 
know the value +a — b two cases are to be considered. 

The first' is when a is greater than b ; b mu^t then be sub- 
tracted from a, and the remainder (before which is placed or 
understood to be placed the sign -f ) shews the value sought. 

The second case is that in whicli a is less than b : here a is 
to be subtracted from b, and the remainder being made negative, 
by placing before it the sign — , will be the value sou^t. 
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CHAPTER IIL 

Of the Muliiplication tf Simple ^aniities* 

38. Whbn there Rre two or more eqnml nvmb^^ to be added 
together, the expreaaion of their sum may be abridged ; for 
eKampIe, 

a -fa is the same with 2 x a^ 

a + a+a dxa* 

a + a + a+a 4 x a, and so on | where x is the sign 

of multiplication. In this manner we may form an idea of muK 
^plication ; and it is to be observed that^ 
d X a signifies £ times^ or twice « 

3 X a S timest or thrice a 

4 X a 4 times a, &c. 

24. if <Aeref(mafmmkrexpresMrIbyaId^isto(emti2l^rfie3 
hy any other nmmher, we »imply put that numfter befire the Utters 
thus, 

a multiplied by 20 is expressed by 20 a, and 
h miritiplied by SO gives SO b, &c« 

It is evident also that c talcen once, or 1 Cf is just c. 

25. Further, it is extremely easy to multiply such products 
again by other ntimbers } for exan^e : 

2 times, or twice 3 a makes 6 a, 

3 times, or thrice 4 b makos 12 b, 
5 times 7 x makes 35 :r, 

and these products may be still multiplied by other numbers at 
pleasure. 

26. fVhentlienuihberf by ivUch we are to muUiplyf is also re- 
presented by a letter, we place it immediatdy before the other letter ; 
thus, in multiplying b by o, the product is written aft; and p q 
will be the product of the multiplication of the number q byp« 
If we multiply this p q again by a, we shall obtain ap q. 

27. It may be remarked here, that the order in which the letters 
are joined together is uidifferent ; that a bis the same thing as 6 a ; 
for b roultiptied by a produces as much as a multiplied by b. 
To understand this, we have only to substitiite for a and ( 
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known nmnbera, as S and 4 ; and the troth iriU be adtf-evident ; 
for 3 times 4 is the same ee 4 tisiea S. 

£8. It will not be dilBBiilt to perceivet that when you hare to 
put numbers, in the place of letters joined together, as we have 
described, they cauot bo written in the same manner bj put- 
ting them one after the ottier. For if we were to .write M £or 
. S tiflMS 4f we shoalcl hare 34 and not 12. When therefore it is 
required to multiply common nomben» we mast separate thom 
by tiie sign Xf or pdints : thus, ^ x 4» or 3*4, signifies 3 times 4, 
that is 13. So, 1 X 3 ise^oalto 2 ; and 1x2X3 makes 6. In 
like manner 1 x S X 3 x 4 x 56 makes 1344 ; and 1x2x3 
X4x5x6xrx8X9XlOis equal to 3628800, &c. 

29. In the same manner, we may discover the value of an 
expression of this form, 5 * 7 * ^ sb c d. It shews that 5 must be 
multiplied by r, and that this product is to be again multiidied 
by 8 ; that we are then to multiply this pt*odact of the three 
numbers by a, next by &, and then by c, and lastly by d. It may 
be observed also, that instead of 5 x 7 x 8 we may write its value^ 
280 ; for we obtain this ntmiber when we multiply the product 
of 5 by 7 or 35, by 8. 

30. The results which arise from the multipiicatioD of two or 
more nambers are called preduds ; and the numbers, or indivi- 
dual letters, are called /icrors. 

31. Hitherto we have considered only positive numbers, and 
there can be no doubt, but that the products which we have 
seen arise are positive also : viz. ^ a by -f 6 must necessarily 
give + a &• But we must separately examine what the multipli- 
cation of + a by ^ ft, and of — a by — ft, will produce. 

32. Let us begin by multiplying— a by 3 or + 3 ; now since 
— a may be considered as a debt, it is evident that if we take 
that debt three Umes* it must thus become three times greater^ 
and consequently the required product is **^ 3 a* So if we multi- 
ply — a by + ft, we shall obtain — ft a, ih*, which is the same things 
-—aft. Hence we conclude, that if.a positive quantity be multi- 
plied by a negative quantity, the product will be negative; 
and lay it ^wn as a rule, that + by -f makes +, or plus, and 
that on the contrary + by — ^ or — by + gives — , or minus. 



^' 






$$. It reiMiiis to resolye^tiia case in which «-^ is nultiplied by 
— : or, for example^ — a by -^ 6. It is eTideiit, at first si^Iit^ 
with regard to the lettrrs, that the prodact will be a 6 ; but it is 
doubtfal whether the sign -f-, or the sign -— , is to be placed before 
thj9 pr<»diaet|; «U we know is, that it anist be «tte or the other of 
these ngne. Now I say that it cannot be the sign *^ : for -^a 
hj +h gives •— a ft» and — a by -— ft-cannot jlnMhicethesaMe re- 
Bult as *— a by + 6 ; but mnst produce a contrary res«It» that is to 
aay» +at; consequendy we have, the follo\rtng rule : ^^ multipli- 
ed by —• produces -j-^ in the same mannw as + multiplied by +.^ 

* It is a subject of gvetX embarrassment and perplexity to learners to con- 
ceive how the product of' two negative quantities should be positive. This 
jffises from the idea they receive of the nature of multiplication as explained 
and applied in arithmetic^ where positive quantities only are employed. The 
term is used in a more enlarged sense when negative quantities are cooceioed, 
as may be shown without making use of letters. If I wished to multiply, for 
instance, 9 — 5 (or 9 diminished by 5) by 3^ I should first find the product of 
9 by 3 or 27. But tliis is evidently taking the multiplicand too great by 5, 
and of course the product too great by 3 times 5 ; I accordingly write for the 
product 27-^ IS, equivalent to 13, which is the product that would arise 
Irom first performing the subtraction indicated by the sign—, and using the 
result as the multiplicand. Thus, 

Multiplicand 9 — 5 which it equal to 4 
Multiplier 3 3 * 

Product 27—15 Which b equal to 12 
Let us now take for the multiplier the quantity 7-^4, which is equivalent 
to 3. We multiply, in the first place, by 7, in the manner that we have 
just done by 3, and the result is 63 — 35. But as the multiplier is 7 diminishib 
ed by 4, multiplying by 7 must give 4 times too mudi. Accordingly we take 
4 times the multiplicand, or 36 — 20, and subtract this from 63 •*- 35, or f 
times the multiplicand. Kow in making this subtraction it is to be observed 
that the subtrahend 36 -« 20 is 36 diminished by 20, and if we subtract 36 we 
take away too much by 20, and must therefore add this latter quantity. Con* 
aequently the true product will be 63 — 35 — 36 + SO, equivalent to 12, as be- 
fore. Thus this mode of proceeding gives the same result as that obtained 
by first performing the subtractions indicated in the latter term of the midtt- 
pllcand and multiplier. The several steps in each case are as follows : 
Multiplicand 9 — 5 which is equal to 4 
Multiplier 7 — 4 which is equal to * 3 

63—35 Product 12 

— 36+20 



Product 63 — 35 — 36 + 20 or 83 -^ 71, that is 12. 
Eul. Mg. 2 
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d4. The rules which we hare explained are expressed rtaat 
briefly as follows : 
Ukt signs, multiplied together, give + ; wdike or amtrarfi rigm 

Thus wcsee that Tor -f-7by^5 gives-i^SS, and-— 4li3r+9g^ives — 36» 
ai!d*-4bj' — SgiTet^-SO. The MBiie general ieaieiiiii|: will apply when let- 
ten axe used taatead of numbera. 

Multiplicand a — 6 4f 

Multiplier c — cf 



Product aC'-^bc^^ad^bd, 
We say in this case that» vhen we multiply a by c we take the multiplicand 
too great by &, and must therefore diminish the result a c by the product of 6 
by c or 6 c. So also in multiplymg the two terms of the multiplicand by r, 
we have taken the multiplier too g^at by d^ and must therefore diminish the 
result a c— dc by the product of a — • 6 by cT^or a c7— 6 cT. But if we sub- 
tract the whole of a d, we subtract too much hy bd,' bd must accordingly be 
added. 

The rule for negative quantities here illustrated is not necessary where 
mere numbers are employed, because the subtraction indicated may always be 
performed. But thia cannot be done with respect to letters which • stand for 
no particular values, but are intended as general expressions of quantities. 

The truth of the rule may be shown also when applied to quantities taken 
aingly. We aay that multiplying one quantity by another is taking one as 
many times as ther^ are units in the other, and the result is the same, which- 
ever of the quantities be taken for the multiplicand. Thus multiplying 9 by 3 
is, taking 9 three times, or, which is the same thing, taking 3 nine times 
(Arith. 27)* But in arithmetic, quantities^ are always taken affirmatively, 
that is additively. When therefore we take 9 or + 9 three times additively, or 
H- 3 nine times additively, the result will evidently be additive or +37. When 
on the contrary one of the factors is negative, as for instance, in multiplying 
*» 5 by + 3 ; in this case, — 5 is to be taken three times additively, and — 5 
added tc — 5 added to -<- 5 is clearly — 15. So also if we consider + 3 as the 
multiplicand, then + 3 is to be taken five times subtractively ; now 3 taken 
subtractively once (or which is the same thing 3 x — 1) is equivalent to — 3, 
taken subtractively twice is —6, three times is — 9, five times is — 15. But, 
when the multiplicand and multiplier are both negative, as in the case of mul- 
tiplying *— 5 by — 4 i here a subiractive quantity is to be taken. subtractively, 
that is. we are to take away successively a diminishing or lessening quantity, 
which is certainly equivalent to adding an increasing quantity. Thus if we 
take away — 5 once, we augment the sum with which it is to be connected 
by 4- 5 ; if we take away — 5 twice, we make the augmentation + 10 ; if four 
times, + 20 ; that is, — 5 x — 4 is equivalent to + 20^ • 
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gyot'^* TbttSf when it is required to multiply the following 
numbers ; + a^ — 6^ — • c, + d ; we have first + a multiplied b^ 
i— bf which makes -^ a 6 ; this by — e, gives + ahc} and this by 
+ df gives -J^ahcd. 

55, The difficulties with respect to the signs being removed^ 
we have only to shew how to multiply numbei^s that are them* 
selves products. If we were, for instance, to OMiltiply the 
number a b by the number c d, the product would be a be d, and it 
is obtained by multiplying firat a b by c, and then the result of 
that multiplication by d. Or, if we had to multiply 56 by 1£ ; 
since 12 is equal to 3 times 4, we should only multiply 36 first by 
S, and then the product 108 by 4, in order to have the whole pro- 
duct of the multiplication of 12 by 36, which is consequently 432. 

56. But if we wished to multiply 5 a 6 by 3 cd, we might write 
S cd X 5 a 6 ; however, as in the present instance the order of the 
numbers to be multiplied is indifierent, it will be better, as is 
also the custom, to place the common numbers before .the letters^ 
and to express the product thus :5x3 abed, or 15a6cd; since 5 
times 3 is 15. 

So if we had to multiply 12p ^r by 7 a? y, we should obtain 
12x Tpqrxy, or Mpqrxy. 



CHAPTER IV. 

Cf the nature of nohck numbers or integers, toUh respect to their 

factors. 

S7. Wb have observed that a product is generated by the 
multiplication of two or more numbers together^ and that these 
numbers are called factors* Thus the numbers a, 6, c, d, ar« 
the factors of tlie product abcd» - 

38. If, therefore, we consider all whole numbers as products 
of two or more numbers multiplied together, we shall soon find 
that some cannot result from such a multiplication, and conse- 
quently have not any factors; while others may be the products 
of two or more multiplied together, and may consequently have 
two or more factors. Thus, 4 is produced by 2x2; 6 by 2x3; 
8 by 2 X 2 X 2 ; or 27 by 3 x 3 x 3 ; and 10 by 2 x 5, &c. 
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39. But, on the other handy the numbers^ S^ ^ SfTfll, t5, 
17 9 &c*9 cannot be represented in the same manner by factors^ 
unless for that purpose we make use of unitj, and represent £» 
for instance, by 1 x 2« Now the numbers which are multiplied 
by 1, remaining the same, it is not proper to reckon unity as a 
factor. 

All numbers therefore^ such as Sy S, 5, 7f Ity 13, IT, See, 
which cannot be represented by factors, are called simple, or 
prime numbers; whereas others, as 4, 6, 8, 9, 10, 12,. 14, 15^ 16^ 
18, &c. which may be represented by factors, are called compound 
numbers. 

' ^ 40. Simple or prime numbers deserve therefore particniar 
attention, since they do not result from the multiplication of two 
or more numbers. It is particularly worthy of observation that 
if we write these numb^^ in succession as they follow each other 
thus; 

^ 2, 3, 5, r^ 11, IS, ir, 19, 23, 29, 31, S7, 41, 43, 47, &c. 
we can trace no regular order ; their increments are sometimes^ 
grea^ter,. sometimes less;. and hitherto no one has been able to 
discover whether they follow any certain law or not 

41. Ml cmnpound numberSf which may he represenJtei kyfadarSf 
residtfrom the prime numbers obctce mmdioned ; Vmt is to say, all 
their factors are prime numbers. For, if we find a factor which 
i»not a prime number, iit may always be decomposed and repre- 
sented by two or more prime numbers. When we have repre- 
sented, for instance, the number SO by 5 x 6, it is evident that 6 
not being a prime number, but being produced by 2x3, we 
might have represented 30 by 5 x 2 x 3, or by 2 x 3 x 5 ; that 
is to say, by factors, which are all prime numbers, 
f 42. If we now consider those compound numbers which may 
be resolved into prime numbers, we shall observe a great differ- 
ence among them ; we shall find that some have only two factors, 
that' others have three, and others a still greater number. We 
Jiave already seen, for example, that 



4 


is the same as 2x2, 


6 is the same as 2x3, 


8 


2X2X2, 


9 3x3, 


10 


2X5, 


12' 2X3X2, 


14 


2xr, 


15 S+5, 


16 


2X2X2X2, 


and SO on. 



■ ^Jmmt^^...,,^^ 
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43. Hence it is easy to find a metbod for analysing any num-* 
ber, or resolring it into its simple factors. Let there be pro- 
posedy for instance^ tFie number 960 ; we sball represent it first 
by 2 X ISO. Now 180 is equal to 2 X 90^ and 

90-1 ("2X45, 

45 I is the same as < 3x15, and lastly 
15 J ISX 5» 

8o that the numb^ S60 may be represoited hy time sinq^^to 
tsKiUmt ^X 2 X 2x 3 X 3x 5; since fdl these DfimberamultipKed 
tDg^ber.produice 360. 

44. This shews, tiiat the prime numbers cannot be divided byr 
otber numbers, and on the othor hand, that the gmple factors cf 
emufowd fmmbm ar^fimndf m^a emvcemnUfgand letth tla greats 
€St certaivtiff byt $^ekUig4bi^simikr 9t frme numbers^ bf icMck 
tAoMi cav^fmmi numbers are divi^bk. But for tidlii, imdim is 
necessary ; we shall therefore explain the rules of that operation 
in the feUowiiig chapter* 



CHAPTER V- 

€fiheBmsim(f9mpk^^ni^^ 

45. When a number is to be separated into two, three, or 
more equal parts, it is done by means o{ division, which, enables 
us to determine the magnitude of one of those parts. When we 
^sb^ for example, to separate the number 12 into three equal 
parts, we find by division that each of those parts is equal to 4. 

The following terms are made use of in this operation. The 
iiumber, which is to be decompounded or divided, is called the 
dividend; the number of equal parts sought is called the divisor;^ 
the magnitude of one of those parts, determined by the division^ 
is called the qiiotient ; thus, in the above example ; 
12 is the dividend, 

3 is the divisor, and 

4 is the quotient. 

46. It follows from this, that if we divide a number by 2, or 
into two equal parts, one of those parts, or the quotient, taken 
twiee|^ makes exactly the number proposed ; and, in the same 
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manner, if we have a number to be divided by s, flie quotient 
taken thrice must give the same number again. In gmeral, the 
wuUiplieation of the quoHtnt tnf the iiviMT must always reproduce 
the dividend. 

47. It is for this reason that division is citfled a rule, 
which teaches us to find a number or quotient, which, being 
multiplied by the divisor, will exactly produce the dividend. 
For example, if 55 is to be divided by 5, we seek a number 
which, multiplied by 5, will produce $9. Now this number is 
7, since 5 times 7 is S5. The mode of expression, employed 
in this reasoning, is ; 9 in 95, 7 times; and 5 times 7 makes 
$5. 

48. The dividend therefore may be considered as a product^ 
of which one of the factors is the dirisor, and the other the 
quotient. Thus, supposing we hare 63 to divide by 7, , we en- 
deavour to find such a product, that taking 7 for one of itar 
factors, the other fact(M* multiplied by this may exacftly give 69. 
Now 7 X 9 is such a product, and consequently 9 is the quotient 
obtained when we divide 6S by 7« 

49. In general, if we have to divide a number aft by a, it is 
evident that the quotient will be ft; for a multiplied by ft gives 
the dividend aft. It is clear also, that if we had to divide a ft by 
ft, the quotient would be a. And in all examples of division 
that can be proposed, if we divide the dividend by the quotient, 
we shall again obtain the divisor ; for as 24 divided by 4 gives 
6, so 24 divided by 6 will give 4. 

50. As the whok operation consists in representing the dividend 
by twofactorst of which one shall be equal to the divisor^ the other 
to the quotient; the following examples will be easily understood, 

r I say first, that the dividend a be, divided by a, gives ft c ; for a, 
multiplied by ft c, produces abc: in the same manner a ft c, being 
divided by ft, we shall have ac; and abc, divided by ac, gives ft. 
I say also, that 12 mn, divided by Sm, gives An; for 5m, multi- 
plied by 4 II, mid^ea 12 m n.' But if this same number 12 m n had 
been divided by 12, we should ha%e obtained the quotient mn. 

51. Since every number a may be expressed by 1 a or one a, it 
is evident that if we had to divide a or 1 a by 1, the quotient would 



be the same number a. Bntf on the contrarj, if the eame number 
a,cfr 1 a is to be divided bj a, the quotient ^wHI be 1. 

5d. It often hai^ens that we cannot represent the dividend as 
the product of two factors, of which one is equal to the divisor^ 
and then the division cannot be performed in the manner we 
have described. 

When we have, for example, d4 to be divided by 7, it is at 
first sight obvious^ that the number 7 is not a factor of 24 1 for 
the product of 7 x 5 is only dlt and consequently too small, and 
7x4 makes 28, which is greater than 24. We discover however 
from this, that the quotient mutt be greater than S, and less than 
4. In order therefore to determine it exactly, we emfdoy another 
species of numbers, which are called JradionSf and which we 
shall consider in one of the following chapters* 

dS. UntU the use of fractions is considered, it is usual to rest 
satisfied with the whole number which approaches nearest to 
the true* quotient, but at the same time paying attention to the 
remainder Mhich is left } thus we say, 7 in 24, 3 times, and the 
remainder is 3, because 3 times 7 produces only 21, which is 3 
less than 24. We may consider the following examples in the 
same manner : 

6)S4{5, that is to say, the divisor is 6, the dividend 34^ 
30 the quotient 5, and the remainder 4« . 

4 
9)41(4, here the divisor is 9, the dividend 41, the quo- 
36 tient 4, and the remainder 5. 

5 

The following rule is to be observed iti examples where there 
is a remainder. 

54» If we multiply the divisor by the quotient, and to the product 
add the remainder, we must obtain the dividend; this is the 
method of proving division, and of discovering whether the 
calculation is right or not. Thus, in the first of the two last 
examples, if we multiply 6 by 5, ^nd to the product 30 add the 
remainder 4, we obtain 34, or the dividend. And in the last 
example. If we multiply the divisor 9 by the quotient 4, and to 
the product 36 add the remainder 5, we obtain the dividend 41. 
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85* hmUff tt 10 iMceasaiy to remark here» wilb f^ig$rA t(f tbf 
aigiis +plMS aii4 — fl»inttf» that if we lUvtde + «b ^J+a^ the 
^Q(»tieiit will be + ^ which is evident* But if we divide + ab 
by — a^tbeqiiolieBt willbe— ft; because— -ax ^^i gives + ak 
If ttedivideadis— afrfaadisto be divided by the diviser^a^ 
the quotient will be -^ 6 ; because it is — tf whicby multi^ied 
by + Qf makes -— a fr. Lastly^ if we have to divide the divMlend 
—•abby the divisor «-*af the quetieDt will be •f ft; fertbedivi- 
dead --aft is the product of —a by + ft. 

56. ffUh regairiiker^c to the sigw 4-aad ~t diiaitoti admita 
ibe 9eme nda that w» have 9em offkei in miiUipli^^ viz* 

+ by-f requires •f; + by — requires ^-« ; 

— by + requires— 5 — by — requires + : 

or in a few words, like signg gheptuspwnlike signg gire ndm»$m 

57. ThuSf wheawedividelSjifby — Sp^the^^tientiS'-^f* 
Further; 

— SO a; y, divided by 4*6 y, gives — 5 x, and 
—^54 abe^ divided by ^^9 ft, gives 4> 6 a c; 

for in this last exaa^pte, — 9 ft» multiplied by + 6 a (^ mdEOS -«- 6 x 
9 a ft Cy or — * 54 a ft c. But we have said enough on the diviaton ol 
simple quantities ; we shall therefore hasten to the explanation 
of fractions, after having added some fartlier reuMrks mi the 
natore of numben^ with respect to their divisors. 



CHAPTER VI. 

qf the properties of integers wiih respect to their divisors. 

58. As we have seen that some numbers are divisible by cer- 
tain divisors, while others are not ; in order that we may 
obtain a m<Hre particular knowledge of numbers, this difference 
must be carefully observed, both by distinguishing the numbers 
that are divisible by divisors from those which are not, and by 
considering the remainder that is left in the division of the 
latter. For this purpose let us examine the divisors ; 

£, 3, 4, 5, 6, 7, 8, 9, 10, &C. 

59. First, let the divisor he 2 ; tite numbers divisible by it 
are £^ 4, 6, 8, 10> 12, 14, 16, 18, 20^ &c. which^ it appears 



Hiftimie tismVBhf tw. Time mmriiMBy m fi|r m th«y ean bo 
contimied, are called evm nwmbtn. But tber^ fune oi^r nun* 
fiersi namely^ 

U SrSfT, 9r lU IS, 15» 17,. 19, *€•, 
nhidi «!emiiforari7 le»Qr guMtev tkafi tbe former by uait7» 
4Uid which cannot be divided 1^ St wiUMMit iU^ ffeflK^ioder I ; 
these are called oidwwmivta, 

1?he eiren namhera ara all eoaipreheadad4n :tbe genetal expeea- 
aioifi eia ; for tiiey are aU' obtained by sacceMvely subetkutkig 
Dm* a^fherintegers I, £« $» 4^ S^ S^T^ kc.^ and beaceit foUows that 
the odd nuinb(^*s are«il oempiebeiided io the ex|ireBflion ^a + U 
because 2 a + t is greater by iiaity than the even aumber 2 a* 

60. In the eecond plaoe^.iefetba awnber S be the divisor ; the 
munbers divisSile by it aroy 

S9 e, 9» la, 15^ I89 MU Mf %7$ d0» and to on ; and these num- 
bers may be repres^ted by the expreadion So; for 3 a divided, 
by 3 gives the quotient a willKMlt a remainder* All qti^^T num» 
bersy which we would divide by 3» will give .1 or 3 for a remain- 
dert and are eonsequen|iy <d two hiada* Xhaae which» after the 
Vision leave the isemainder 1» are ^ 

l,4,r, 10, 13, 16» 19^&C«9 
and av9 contained In the es^ressiein S a 4* 1 ; bat tb^ ftber kiad^ 
where the numbers give the xemainder $» are ; 

2,5,8, 11, 14, 17,£0,&c., 
and they may be generally expressed by 3 a + 2 : so that all 
numbers may be expressed either tqr 3 a, or by 3 a + 1, or by 
9a+2. 

61. Let ns now snppoae that 4 is the divisor under coosidera- 
tim X the wimbitCT which it divided are ; 

4, a« 1^15,20, 24, &C«t 
which increase uniformly by 4, and are comprehended in the 
expvesaiun 4 a. A3X other nuatbers, that is» those which are not 
divisible by 4, flMiy leave the remainder 1, or be gi'eater than 
tbe^former by l : as 

1, 5, % 13, Xr, &I9 25, &c„ 

and consequently may be cpmprebended in the expression 
Aa + l\ or they may give the remainder 2 ; as 

2, 6, 10, 14, 18, 22, 26, &c^ 
EuLJBg. 3 
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and be expresMd k7 4a + 52; oiv lafttlf^ tiiiy iM|r gire ihe 
renMittderd ; «9 . « 

s, r, 11, 15, i9f da, d7, &0., 

and may be represented by tbe espreMion 4a *f S* 
All possible integral mfflibem are therefore eontaiMdin oneor 

other of theselbar exprassioas ; 

4at 4a 4*1, 4a + dy 4a4%^ 
62. It is nearly tbe same when the divisor is 5 ; for all mtti- 

bers which can be divided by it are oomprdiended in the 

expression 5 a, and those which cannot be .divided by Sy are. 

redttciUe to one of tbe following expressions : 

Sa+ly 5a4% Sa-hdi 5«4.4| 

and we may go on in the sane manner and consider flie greatest 

divisors. 
Qs. It is proper to recollect here what has been already said 

on the resolation of nnmbers into their sioiple factors i for every 

namber, among the factors of which is found, 
S, or 3, or 4, or 5, or r, 

or any other number, will be divisible by those numbers. For 

example ; 60 being equal to 2 x S X 3 x 5, it Is evident that 6f> 

is divisible by 2, and by 3, and by S. - . 

64. Further, as the general expression a be d is not only divi* 
sible by a, and (, and c, and d, but also by 

ahf ac, adf be, bd, td, and by 

abe, abdf acd, bed, and lastly by 

abed, that is tosay, its own vahie ; 
it follows that 60, or 2 x 2 x 3 X 5, may be divided not only by 
these simple numbers, but also by those which are composed of 
two of them ; that is to say, by .4, 6, 10, 15 : and also by those 
which are composed of three of tbe simple factors, that is to say, 
by 12, 20, 30, and lastly by 60 itselt 

65. When, tiier^e, we have rq^esenied an/g number, asmtmei 
atpkasiire, by its nmplefaet&rs, it will be ^ery easy to shew aU 
the numbers by which it is dtvisiftte* For we huroe Ofdy, first, to 
take the simple factors one by one, and then to fmdtifiy them togeth- 
er two % fTco, three hf tkree^four by four, 4"^., tiU we arrive mt 
the number prop&sed4 . ; k 

66. It must here be particularly observed ; that every number 
is divisible by 1 ; and also that every number is divisible by 
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iMlf$ 80 tbttt every namber bta atieast two factors^ or divisors, 
the nomber itself and unity : but every number, whieh has no 
other divisor than these two, befongs to the class of numbers, 
which we have before caHed 9mpk, or prime nutnbers4 
' ' Antnimbefs, except these, liave, beside unity and them- 
selves, other divisors, as may be seen from the following table, 
in which are placed under each number all its divisors. 

TABLE. 
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67. Lastly, it ought to be observed that 0, or nothings may be 
considered as a number which has the property of being divisi- 
ble by all possible numbers ; because by whatever number a 
we divide 0, the quotient is always ; for it must be remarlced 
that the multiplication of any number by nothing produces noth- 
ing, and therefore times a, or a, is 0. 



CHAPTER VII. 

OfFradions in general. 

68. Wbew a numbeiPi as 7 for instance, is said not to be 
divide by another nii«iber> let us. suppose by 3, this only 
i9ei»8i tliat tiie quotient cannol; be expressed by an integral 
nvinber j and it must not be thought by any means that it is 
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impdflflble te farm an idM of tlMl; qiiotfMt Ot^ inagiM a 
line of T feet in lei^h, no one cm doukt the powiMUtj of 
dividing tbia line into S eqiud pitrt8» snd of foming a notion of 
the length of one of those parts. 

69^ Since therefore we oii^y fairm a preeise idea of tho %m^ 
ticnt obtained in similar cases, though thai quotient is not an 
integral number, this leads us to consider a particular species of 
numbers, called fracHonB, or ftroieen numbers. The instance^ 
adduced furnishes an illostratiom If we have to divide 7 by 3, 
we easily conceive the quotient which should residt, and express 
it by ^ I placing the divisor under tiie divideod, and separating 
the two numbers by a stroke, or iine« 

70. So, in generai, when the number a is to tc iimdei hf Ihe 
mimber b, we represent the quotient bjf *^9 and eaU thie fdna' of 
expression a fraction, ^e cannot therefbre give a better idea of 
a fraction -^ than by saying that we thus express the quotient 
resulting firom the division of the upper number by ttie Juwen 
We must ivmember also, that in all fractions the lower ouro^ 
her is called the denondnaior^ and that above the line the nume- 

7U In the above fraction, |, which we read serven thirds, 7 is 
the numerator, and 3 the denominator. We must also read |» two 
thirds; |, three fourths; j., three eighths; -^^^ityf^he hun- 
dredths ; and |, one half. 

72. In order to obtain a more perfect knowledge of the 
nature of fractions, we shall begin by considering tlie case in 

which the numerator is equal to the denominator, as in—. 

Now, since this expresses the quotient obtained by dividing a 
by a, it is evident that this quotient is exactly unity, and that 

consequently this fraction •» is equal to 1, or one integer ; for 

the same reason, all the following fractions, 

are eqtial to one another, each being lequal to 1, or one inl^r. 

73. We have seen that a fraction, whose nomerator k oqual to 
the denominator, is eqtinl to unity. AH fractions therefore, 
whose numeratora are less than the denominators^ have a value 



k8» OfiH imitjr* Coity if I have a wmliei; to be divided b; aoo* 
tter wMcb is ffreateFf tbe reeiiU miD^t neceaeiu-ily be k8« tfa^n 1 ; 
if mtmy ^ iiae^ for.exaiiiple» two feet long, into three parte, one 
of those parte will unquestionably be shorter than a foot : it is 
evident the^tbat 1 19 less than I, for the same reason^ that the 
nusnemtor £ is less than the denominator 5. 

r4» If the naweratorf on tbe contrary, be greater than the 
deaoQiinator, tbe value of tbe fraction is greater than unity. 
Thus I is greater than 1, for | is equal to | together with |. 
Now f ia exactly I,. consequently 4 is eqmd to 1 +4, that is, to 
an integer and a half« In the same manner 4 is eqnal to l|, 4 
to 1|, and I to 2^« And in general, it is suflcieat in such case» 
to divide the upper number by the lower, and to add to the 
quotient a fraction baviiig the remainder tot the numeimtor, and 
tbe divisor for tbe denominator. If tbe given fraction were, for 
example, 4|, we should have for the quotient 3, and 7 for 
the remainder; whence we conclude that f| is the same as 

75. Thus we see how fractions, whose numerators are greater 
than the denonrinalers, are resolved into tifro parts ; one of 
which is an integer, and the other a fractional number, having 
the numerator less than the denominator. Such fraetione aa 
contain one or more integers, are called improper fractions, to 
distinguish them from fractiotts properly so called, which, hav- 
ing the numerator less than the denominator, are less than unity, 
or than an integer." 

76. The nature of fractions is frequently considered in an* 
otiier way, which magr throw additional light on the subject. 
If we consider, for exanq>le, the fraction |, it is evident that it 
is three times greater than |. Now this fraction ^ means, that 
if we divide 1 into 4 equal parts, this will be tbe vdue of one of 
those parte ; it is obvious then, that by taking 3 of those parts, 
we shall have tbe value of the fraction |* 

In tbe same manner we may consider every other fraction ; 
for example, ^\ ; if we divide unity into i£ equal parte, 7 of 
thoae parte will be equal to this fraction. 

77. From this manner of considering- fractions, the expras* 
sions numerator and ^novmator are derived. For. as in the 
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piweding fraotioo -fjf the mimber ond^Tetlie Hne ihcives that IS 
is the number of parts iMo which unity ia to be dtrided ; and as 
it may be said to denolev or name the pat^s^ it has not inaipraper- 
I7 bean called the diHomkmkr* 

Furlbar^ aa theupper number, namdy 7, shews tlM, in ord«^ 
have the value of the fraction^ we nMMSt talLe, or collect 7 of 
tfiose parts, and titorefore may be said to rcclu>n, or nanber 
them, it has been thought proper to call the nwaber above the 
line tlie tmmerator. 

7&. M it is easy to understand whal f is, when we know the 
sigaifieatton of ^9 we may consider the. fractions, whose noma* 
rator is unity, aa the foundation of all otima. Such are tho 
fractions, . . . 

h h h h h h h h tV» ^9 tV **^» 
and it is. observable that these fractions go on contimiaUy diiMi^ 

isbing ; for the more you diride an uitq^, or the greater the 
number of parts into which you distribute it, the less does each 
of those (larts become. Thus -^^ is kss than ^V ^ tttW '^ ^^^ 
than tJtt • "^ tzhn^ " ^^^ than ^^Vr- 

.79. As wehafe se6n,4bat the more we increassi the denomi-* 
Bfitor of aach fractions^ the less their values beeoma ; it may be 
asked, whether it is not possible lo make the deBMBtnatM* so 
great, that the fraction shall be reduced to nothing? I answer, 
BO ; for into whatever number of parts un^y (the length of a 
£oot ibr instance) is divided ; let those parti be ever so small, 
they will still preserve a certain magnitude, and therefore can 
nwer be absolutely reduced to nothing. 

80* It is true, if we divide the length of a foot into 1000 parts| 
tliose parts wiH not easily ftdl under the cognizance of our 
senses : but view them through a good microscope^ and each of 
them will ajqiear lai^ enough to be subdivided into 100 parts, 
and more. 

At present, however, we have nothings to do with what de* 
pends on oQftwJvesi or wltii what we are capable of performing, 
and what our eyes can perceive; the question is riither, what is 
possible in itself. And, in this smse of the word, it is certain, 
that however great we suppose ike denominator, the fraction 
will never entirely vanish, or become equal to 0. 



81. We newt iiierefore arrive completdiy at nothing, how- 
ever great the denominator joixy he $ and these fractions always 
preserving a certain value, we may centinae the series of 
fractions }n the 78th article without i«te?mption* This circom- 
stance haaintrodoced the eiq^ression, that the denominator must 
be infinUe, or infinitely great, in order that the fraction may be 
reduced to 0» or to noAing ; and the word u^lmt^ in reality 
Bi^ifies. b^re» that we should never arrive at the end of the 
series of the above mentioned ^adtoi». 

82. To express this idea, which is extremely well founded, 
wo mtke use of the sign od* which consequently indieates a 
number ii^ottely.greot.; and we may therefore say that this 
fraction i is really nothing* for the very reason that a fraction 
canuot be reduced to. nothing, until the denomimitor has been 

8dt It is the more neoesaary to pay attention to this idea of 
infinity, aa H is derived from the first foandationa of our know- 
ledge,. ai[id as it will be of the greatest importance in th^ follow- 
ing part of this treatise. 

We may here deduce from it a few conseqoeaoes, that aro 
extremely curious and worthy ofattention* The fraction £ 
rep-esents the. quotient resulting from the divimon of the divi- 
dend 1 by the divisor oo • Now we know that if we divide 
the ^vidend 1 by the ^otient if which is equal to 0, we obtain 
again the divisor qd : hence we acquire a new idea of infinity ; 
wo learn that it arioes from the division of I by ; and we are 
therefore entitled to say, that 1 divided by expresses a number 
infinitely great, or qd • 

84. It may. be necessary also in this place to correct tlia 
mistake of those who assert, that a number infinitely great is 
not susceptible of increase. This opinion is inoonsistont with 
the just principles which we have l^id down ; for ^ signifying a 
number infinitely great, and ^ being incontestahly the double of 
|f it is evident that a number, though infinitely great, may stiH 
become iw^ qr more timea greater. 
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85. We have already seen, that each of the fractionii 

h h h h h h h *c-» 

makes an integer, and that consequently they are all equal to 

one another. The same equality eadsta in the Crowing fl«c«> 
tions, 

h f i^ h Vf V» &c» 

^ach of them making two Integers; for the namenrtor of eacbf 
divided by its denominator, gives 2. So all tte fractions 

h h h V» V% V» to., 
are equal to one another, since 3 is their common value. 

86. We may likewise represent the value of any fraction, ia 
an infinite variety of ways. For if we muttiply bath the nurne^ 
rator and the denominatcr tfa fraction 6jf the same nutnberf which 
may be astumed at pkanare^ thU fradbm wid gtiU preeerve the 
same vatue. For this reason all the fractions 

h h h h tV tt» tV' tV» tt' Ih *«., 
are equal, the value of each being |. Also 

h h !• T¥> T7» A' /f ^V TV 4^ to., 

are equal fractions, the value of each of which is |. The frac- 
tions. 

I'fxV «*«•«»«• to., 
have likewise all the same value ; and lasflyt we may conclude 

in general, that the fraction ^ may he represented by the fol- 
lowing expressions, each of which is equal to ^i DAnely^ 



a £a Sa 4a $a 6a 7a j, 
. T 26' H' 46' 5b' 66' 71' *^-^ 
8T. To be convinced of this we have only to write for the 

Talue of the fraction -r a certain letter c, representing by this 

letter c the quotient of the division of a by 6 ; and to recollect 
that the multiplication of the quotient c by ttie divisor 6 must give 
the dividend. For since c multiplied by h gives a, it is evident that 
c multiplied by £ 6 will give £ a, thatc multiplied by 3 6 will give 
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3 A), and that hi general e mnltipHed hjmb most give m a. Now 
ehanging fliis itito an eiample of division, and dividing the pro* 
duct m Gf by mb one of the factors, the quotient most be equal to 
the oiber factor c; but m a divided by m 5 gives also the fraction 

^!^, which is consequently equal to c; and this is what was to 

be proved ; for c having been assomed as the valaa of the frac* 

Hn ^^ it 'A evident that this flptctioii is equal to tfa» fraction 



— r» whatever be the value of fii. 
Mr 

8Sc We hwe^seett that everg fracMon may he represented in an 
if^finUe namiber offarmst each of which contains the same value ; 
and: it ia errideiit that of all these forms, that, which shall be 
composed of the least numbers, will be most easily understood. 
Vw esaa^e, we n%lit subsMtute instead of | the following 
firactiotts^ 

h h A» \i^ 41^ *<^-5 

but «{ all tllesa eiqircssioiis | is tiwA of which it is easiest to 
farm an idea. Herertherefere a probkm arises, bow a fraction^ 
sucb as -^f ^icb is not expressed by the least po6<uble numbers, 
may he reduced to ite simplest f<M*m, or to ita leetst UrmJi, that is- 
to says u> our prescfit example, to |. 

S9. It will be easy to resolve this problem, if we consider that 
afraetiwi still preserves its value, when we multiply both its 
terms, or its numemtDr and denominator, by tiie same number, 
for fiiom tUs it foHows also, that if we divide ike nwmeratar an^ 
denommator qf a fraction by the same numberf the fraction stUl 
preserver the same value* This is made more evident by means 

of the general expression — ^ ; for if we divide both the nume- 
rator ma and the denominator m 6 by the number m, we obtain 

the fraction -r-, which, as was before proved, is equal to — r. 
o in 

90. In order therefore to reduce a given fraction to its least 
terms, it is required to find a number by which both the nume- 
3*ator and denominator may be divided. Such a number is 
called a common divisor^ and so long as we can find a common 
divisor to the numerator and the denominator, it is certain that 
the fraction may be reduced to a lower form ; but, on the con- 
sul. Mg. 4 
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trarj, when we see that except unity no other commoti divisor 
can be found» this shews that the fraction is already in flie sim- 
plest form that it admits of« 

9U To malce this more clear, let us consider the fraction 
tVtt' ^^ ^^^ immediately that both the terms are divisible bj 
2, and that there results the fraction |^. Then that it maj 
again be divided by 2, and reduced to \\ ; and this also, having 
2 for a common divisor, it is evident, may ' be reduced to -^r. 
But now we easily perceive, that the numerator and denomina- 
tor are still divisible by 3 ; performing this division, therefore, 
we obtain tlie fraction |, which is equal to the fraction proposed, 
and gives the simplest expression to which it can be reduced ; 
for S and 5 have no common divisor but 1, which cannot dimin- 
ish these numbers any further. 

92. This property of fractions preserving ah invariable value, 
whether we divide or multiply the numerator and denominator 
by the same number, is of the greatest importance, and is the 
principal foundation of the doctrine of fractions. For example, 
we can scarcdy add together two fWictions, or subtract them 
from each other, before we have, by means of this property, 
reduced them to other forms, that is to say, to expressions whose 
denominators are equal. Of this we shall treat in the following 
chapter. 

93. We conclude the present by remarking, that all integers 
may also be represented by fractions. For example, 6 is the 
same as 4* because 6 divided by 1 makes 6 ; and we may, in the 
same manner, express the number 6 by the fractions y , y, ^^^ 
^9 s^nd an infinite number of others, which have the same value. 



CHAPTER IX. 

Of the Addition and Suhtradiim of Fractions. 

94* When fractions have equal denominators, there is no 
difficulty in adding and subtracting them ; for^ -f ^ is equal to 
4, and ^ — 4 is equal to 4* In this case, either for addition or 
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mUrfK^tion^ we alter only the namenitors^ and place the com* 
mpn ^enomii^iator un^er the line ; thus> 

t^tt+tItt — tVV^tVV + tVtt is equal to ^»^; |$ — ^V" 
li + ii is equal to 41, OP if; if — ^^ — ^i + i^ is equal to 
\h ^^ T ' ^^ i +1 is^ual to |» or 1» that is to say, an inte- 
ger I and I *— f + 7 is equal to f » that is to say, nothing, or 0. 
95* But 'whtn fractions have not equal denmnhmtors, we can 
alwofifs cha^ge tlwm into otherJmcHom that have the same denomu 
luilor. For example, when it is proposed to add together the 
fractions f and |, we must consider that f is the same ijks |, and 
tfaat.f is equivatait to | ; we have therefore, instead of the two 
iractions proposed, these i+h the sum of which is f . If the 
two fractions were united by the sign mint^, as f — f , we should 

Another example : let the fractions |HH>posed be.| + 1 ; since 
|.is the same as |, this value may be substituted for it^ and we 
may say | + fmabes y, or 1 1. 

. Suppose fi»ther, that the sum of | and ^ were required. I 
say that it is ^^ ; for f makes ^, and f makes -^. 

96. We may have a greater number of fractions to be reduced to a 
onamm denominator ; for cxam|de, f , |, |» f , f ; in this case 
the whde depends on^ndir^ a numiber wMch matf be divisible by 
all the denom:tnators of these fractions. In this instance 60 is the 
nuiQiber which has that property^ and which consequently 
become. the. common denominator* We shall therefore have 
^^ instead of f .; ^f instead of | ; ^f instead of | ; ff instead 
off ; and |^ instead of f • If now it be required to add together 
all these fractions f f , f f , ^f , f f , and f f , we have only to add 
all the numerators f and under the sum place the common denomina- 
tor 60 ; tliat is to say^ we shall have VV» ^^ ^^^ integers, and 
f^,or3f^ 

97. The whole of this operation consists, as we before stated^ 
In changing two fractions, whose denominators are unequal, into 
two others, wliose denominators are equal* In order therefore 

a c 
to perform it generally, let -tand— be the fractions propos- 
ed. First, multiply the two terms of the ^iirst fraction by d, we 
shall have the fraction jQ equal to-r^ next multiply the two 
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4m«s «r IIm second feadam by 6, and we thaU have an eq«i?»^ 
lent value of it expressed by -r^'; thus the two denominator^ 
Jbecome equal. Now if the sum of the two proposed frac- 
U^w be reqiiuredf we nay imnodiatoly mtwer thut it as '^ 7\ '^ ; 

^uid if their difference be af^ked^ we say that it is -^^ — • If 

the fractions I aad^ for exaiiifde» were proposed, we aboold 
obtain in ttieir stead ^{ and ff ; of which tbe sum is VV' ^^ 
the difference ^* 

98. To this paK of the subject belongs aSso the qaestion, of 
two proposed fractions, which is the greater or the less ; for, to 
resoive this, we hava 4«ly tp reduce the two Iractioiis to tho 
same denominator. Let us take, for example, tb^ two fractiona 
I and f : when reduced to the same denominator, tho first be- 
comes 14, and the second ^4, and it is evideirt that the secan^y 
or 4« is ihe greater, and exceeds the forqier by ^^, 

Again, let tbe two fractiim | and 4 be pntq^Qnod* We shall 
have to substityite for them, ^ and |f ; whence w^may conclude 
that I exceeds {, but only by ,V* 

99. When it isrefuired to 9vA^aot a fraction frem an inttgetf 
it issufficient tockonjvoaeof tie vniUof thai iM^egcr into afrac^ 
Hon having ihe same denominaior as the fractim to be subtrael' 
ed ,* in the rest of the operation there is no difficulty* If it 
be required, for example, to subtract f from t, we write 4 In- 
stead of 1, and say that { taken from | leaves the remniader 4. 
So 7^9 subtracted from 1, leaves ^. 

If it wei*e required to subtract | from 2, we should write 1 
aiHl ^ instead of 2, aid w§ diould immediately see that after the 
subtraction there must remain 1 1.. 

100. It hapiiens also sometimes, that having added two or 
more fractions together, we obtain more than an integer; that 
is to say, a numerator greater than the denominator : this is a 
case wliich has already occurred, and deserves attention. 

We found, for example, article 96, that the sum of tbe five 
fractions ^y f , |j ^9 and f , was Y7 9 ^nd we remarked that the 
value of this sum was 3 integers and 4^9 or ^^. Likewise | -f. 
h ^^ Tj + Ti* wftkcs 4|f or l/j. We have only to perform the 
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actual division of the Mmerotor hj tiiedenoimiMitorf to see how 
many integers there are for the quotient^ and to aet down the 
remainder. Nearly the same must be done to add together 
numbers compounded of integers and fractions ; we first add 
the fractions, and if their mm protfaces one or M>re integw% 
these are added to the other intengera. Let it be proposed, for ex- 
ample, to add 3| and 2| ; we first take the sum of ^ and !» or of 
I 9MEid$. Itia^orlf; thea the sum tetal is 6|^ 



CHAPTER X. 

Of the MvlHplicaiion and Division of Fractions. 

101. The rule for the nwUifUeuhim of a fracUm fty an integerf 
or whole numbert U to multi^y the numerator only by the given 
number, and not to change the denominator : tbas, 

9, timeflb or twice ^ makes |, or 1 integer ; 

^ thiieSf or twice \ leakea 1 1 

S times, or tfariee \ midces |, or | $ aiid< 

4 times -/^ makes f^ or l-j?^, or 14* 
JBuf, ifwtead of this rulet we may use Aai of dividing the denomr 
imator by the given integer ; and this is pn^abUf wh^n it ean be 
usedf because H ^iorUns the operaMon. Let it be n^uired, f&r 
example, to multiply | by S ; if we 'multiply the numerator by 
the given integer we obtain y , which prodttd we must reduce 
to |. But if we do not change the numerator, and divide the 
denominator by the integer, we find immediately |« or 2 1 for 
the given product. Likewise || multiplied by 6 gives ^ , or 3^. 
lOS. In general, therefore, the product of the multiplication 

of a fraction — by c is -7 ; and it may be remarked, when the 
b 

integer is exactly equal to the denominatoTf that the. product must 
be equal to the numerator. 

Cl taken twice gives 1 ; 
So that < I taken thrice gives 2 5 

t^ taken 4 times gives 5. 

And in general, if we multiply the fraction -y by the number 
b, the product must be a, as we have already shewn 5 for since 
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•^expresses the quotient resulting from the division of the divi- 

dend a by the divisor b, and since it has been demonstrated that 
the quotient multiplied by the divisor will give the dividend^ it 

is evident that -r multiplied by h must produce tu 

103. We have shewn how a fraction is to be mQltiplied by an 
integer ; let us now consider also funv a fraction is to he divided 
hf an integer^ tMs inquiry is necessary before we proceed to the 
multiplication of fractions by fractions. It is evident, if I have 
to divide the fraction f by 2, that the result must be ^ ; and 
that the quotient of | divided by S is f • The rule therefore is^ 
to divide the numerator by the integer Tvithout changing the de* 
nominator. Thus, 

if divided by 2 gives ^%; 

{i divided by 3 gives /^ ; and 

II divided by 4 gives j\ ; &c. ' 

104. This rule may be easily practised, provided the nume* 
rator be divisible by the number proposed ; but very often it is 
not : it most therefore be observed that a fraction may be trans- 
formed into an infinite number of other expressions, and in that 
number there roust be some by which the numerator might be 
divided by the given integer. If it were required, for example, 
to divide | by 2, we should change the fraction into |, and then 
dividing the numerator by 2, we should immediately have | for 
the quotient sought 

In general, if it be proposed to divide the fraction -r by c, we 

change it into ^, and then dividing the numerator ac hj c, 

c . ^- 

write T- for the quotient sought. 

c 

105. When Aertfore a fraction ^ is to be divided by an integer 

c, we have only to mtdtiply the denominator by that number, and 
leave tJie mtmeraior as it is. Tiius f divided by 3 gives Z^, and 
I divided by 5 gives ^V 

This operation becomes easier when the numerator itself is 
divisible by the integer, as we have supposed in article 103* 
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For exaoii^e^ iV divided by S woidd give, according to our last 
i*t>lev;^7 9 bat by the first rale^ which is applicable here^ w^ 
obtain ^^9 an expression equivalent to ^^9 but more simple. 

106. We shall now be able to understand how one fraction.-^ 
may be multiplied by another fraction ^. We have only to 
consider that -^ means flial e is divided by d^ and on- this prin- 



ciple^.we shall first multiply the jTraction -r by c» which pro- 

ac 
b 



ac 
duces the result -r- ; after which we shall divide by d, which 



. ac ' ■ 

Hence the fclUnving rule for mifltiplying fractions ; multiply 
separatdy the numerators and the denominators. 
Thus I by | gives the product If or | ^ 

I by 4 makes ttV 5 
I by 7', produces ^, or ^^^ 5 *tc. 
lor* It remains to shew how one fraction may he divided by 
another. We remark first, that if the two fractions have the same 
number for a denominator, the division takes place ^only with 
respect to the numerators ^ for it is evident, that ^^ is contain-, 
ed as many times in -f-^ as d in 9, that is to say, thrice ; and ia 
the same manner, in order to divide ^^ by ^^^ , we have only to 
divide 8 by 9, which gives |. We shall also have ^^ ^^ -sh ^ 
times : ^^^ in y%%, r times ,• ^^ in /y, ^ ; &c. 

108. But when the fractions have not equal denomtnatorSf we 
must have recourse to the method already mentioned for reduc- 
ing them to a common denominator. Let there be, for exam- 

a c 

pie, the fraction -7 to be divided by the fraction ^; we first re- 
duce them to the same denominator : we have then ^ to be 

a 

h c 
divided by r-^ ; it is now evident, that the quotient must be 

a d 

represented simply by the division of a d by J c ; which gives r— . 
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Hence ttie folbviiig mte : JMf^ U» fmmmdot tf tte liitri- 
imi hjfthe d cmmnim i i or rf the dmMt, ami the denotnimaUn' of th$ 
dvMaii hf the mmurator of the dimor ; the first product will he 
Ifte numenUor of the quotient, and the second will be its denomi' 
mOor. 

109. Applying this rule to fbe division of ;j^ by |, we sball 
Iiave the quotient 4f ; the difision of | by ^ will give ^ or 4 or 

I and I; and 14 by f will give 440, or 4. 

110, This rule for division is often represented in a manner 
Biore easily remembered, as (bliows : Iwvert ftr Jraetion which 
is the divisor f so that the denominator may be in the place of the 
numeratoTf and the latter he written under the line ; then multiply 
the fraction^ which is the dioidend by this inverted fractisn^ and 
the product will be the quotient sought. Thus 4 divided by | is 
the same as 4 multiplied by f , which makes |, or 1 1. Also | 
divided by | is tb^ same as | multiplied by |, which is |4 ; or 

II divided by f gives the same || multiplied by {, the product 
of which is ^f 4» ^^ {• 

We see then, in general, that to divide by the fraction |, is the 
same as to multiply by 4, or 2 ; that dvtAsion by \ amounts to mu^ 
UjlicuHon by^fOrbySf ^c. 

111. The number 100 divided by ^ will give £00 ; and 1000 
divided ^ will give 3000. Further, if it were required to divide 
1 by y^Vv* ^^® quotient would be 1000-; and dividing 1 by 
tinnnrTT' ^^^ quotient is 100000. This enables us to conceive 
that, when any number is divided by 0, %he result must be a 
number infinitely great ; for even the division of 1 by the small 
fraction ^^^^^^^^ gives for the quotient the very great num- 
ber lOOOOOOpOO* 

112, Every number when divided by itself producing unity, 
it is evident that a fraction divided by itself must also give 1 for 
the quotient. The same follows from our rule : for, in order to 
divide | by |, we must multiply | by 4, and we obtain 4|, or 1 ; 

and if it. be required to divide — by -?• we multiply -^ hy —; 

ab 
now the product — g is equal to 1. 
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l\S. We ^ye «tiU toei:(il«iii au eicpreasipn \ifbich fs fre- 
c^ntiy used. : It may be a^ed^ for.exaoi^f what is* tbe half 
of I ; this means that we most multiply i by j|. So likewise, if 
the value of 4 <^f 4 ^^^ r^uired^ we should multiply f by f.f 
which produces |^ ; and | of -/^ is the same as ^V multiplied by 
^^ which prodii^ces |^. 

114. Lastly, we, must here obserre tbe same rules with respect 
ta the signs + and ^-^ th|»t we before laid down for integ^n^. 
Thus + 1 multiplied by — \ makes — \i and — 4 multipled by 
— t ^^^^ + TT* Farther, — f divided by + 1 makes <— \i ; 
and •— i divided by — | makes -f -If ^^ + 1* 



CHAPTER XI. 

Of Square JV^mbers* 

115. Thb product of a number , rvhen multiplied by itself, is 
€aUed a Siiaare ; and for this reason^ the number, considered in 
rtlafixmio mcK a product, is caUed a square root* 

For example, when we multiply 12 by 12, the product 144 is 
a square, of which tbe root is 19. 

This term is derived from geometry, which teaches us that 
the contents of a square are found by multiplying its side by 
itself. 

116. Square numbers are found therefore by multiplication j 
that is to say, by multiplying the root by itself. Thus 1 is the 
square of 1, since 1 multiplied by 1 makes I ; likewise, 4 is the 
square of 2 ; and 9 the square Qf S ; 3 also is the root of 4, and 
3 is the root of 9. 

We shall begin by considering the squares of natural numbers, 
and shall first give the following small table, on the first line of 
which several numbers, or roots, are placed, and on tbe second 
their squares. 



Numbers. 
Squares. 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 
169 


1 


4 


9 


16 


25 


56 


49 


64 


81 


100 


]<2} 


144 



^EuLjllgj 



H 



JSgANU 



SeebU 



117. It \HI1 be reodiljr perceived, tbattheenpieB of square 
nmnbere thus arranged has a singular property ; namely^ tbafc 
if each of them be eobtracted from tlMit which iinmedifttely 
follows, the remainders always increase by 2, and form thto 
series; 

S, 5, r, 9, 11, IS, 15, ir, 19, «1, te. 

1 18. 2%e squares ofjraetiom are Jbund in the game numiter, btf 
wnUiipltfing any givenfraetion by ttoe^# For example, the square 
ofjisi. 



The square of< 



P1 




fi" 


4 


>i8< 




UJ 




LtV» &c. 



Vfe have only therefore to divide the square of the numerator 
by the square of the denominator, and the fraction, which ex- 
presses that division, must be the sqtiare of the given fraction* 
Thus, f f is the square of 1 1 and reciprocally, | is the root 

119. When the square of a mixed number, or a number, com- 
posed of an integer and a fraction, is required, we have only to 
reduce it to a single fraction, and then to take the square of that 
fraction. Let it be required, for example, to find the square of 
2^ ; we first express this number by |, and taking the square 
of that fraction, we have y, or 6^, for the value of tlie square 
of 2|« So to obtain the square of 3^, we say 3^ is equal to y ; 
therefore its square is equal to W, or to 10 and ^\. The 
squares of the numbers between S and 4, supposing tliem to 
increase by one fourth, are as follows : 



M umbers. 
Sqnarefl. 


3 


H 


I2i 


H 


4 


9 


loyv 


t4,V 


16 



From this small table we may infer, that if a root contain a 
fraction, its square also contains one. Let the root, for example, 
be 1^3f ; its square is fi|, or 2-^ ^^ ; that is to say, a little great- 
er than the integer 2. 

120. Let us proceed of general expressions. When the root 
is H, the square must be a a; if the root be 2 a, the square is 4 a a; 
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wbich shews fltat by doubling tbe rotatf tfae square becomes 4 
times greater. So if the root he Sa, tbe sfiuare is 9 a a; and if 
'tiie root be 4 a, the sqaare is 16 ao. Bat if the root be a 6, the 
sqaare isaabh; and if the roet be a ft (^ thp square is a a i be e^ 

ISl, Thus when the root is composed of two, or' more factors^ 
Tve mutttply their sqiuuru together; and reciprocally, if a square 
he composed of two or mere faclarst of which €asA is a square, we 
Ju^e oKhf to mMply together the rooU tf those squares, to obtain 
the complete root of the square proposed. Thus^ as 2S04 is equsd 
to 4 X 16 X369 the square root of it is 2x4x6, or 48; and 
48 is found to be the true square root of 2S04> because 48x48 
jgives S304. 

122* Let us now consider what rule is to be observed 
with regard to the signs + and ^--^ First, it is evident that 
if the root has the sign +» that b to say, is a positive num- 
ber, its square must necessarily ' be a positive number also, 
because -f. by + makes + : the square of + a will be + a a. 
But if the root be a negative number, as — a, the square is still 
positive, for it is -f a a ; we may therefore conclude, that + aa 
is the square both ^ +a and of — a, and that consequently every 
square has two roots, one positive and the other negaiive. The 
square root of 25, for example, is both + 5 and — 5, because 
— . 5 multiplied by — 5 gives 25, as well as + 5 by + 5^ 



CHAPTER Xn. 

iff Square Boots, and of Irrational Mmbers resultingjrom tfienu 

123. What we have said in the preceding chapter is chiefly 
ibis : that the square root of a i^ven number is nothing but a 
number whose square is equal to the given number ; and that 
we may put before these roots either the positive or the negative 
sign. 

124, So that when a square number is given, provided we 
retain in our memory a sufficient number of square numbers, it 
is easy to find its root If 196, for example, be the given num- 
ber, we know that its square root is 14.. 
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Fractiom likewiBe mf easHy tMnHged : it i» evldurt^ for 
examide, thai 4. k the sqaave mftt of |{.* To be Gomrteoed of 
thisy we have only to take the square root ot the aamefator^ aad 
that of the denominator. 

If the number {iropoeed be a mixed nomber, an It^^ we reduce 
it to a ningh ftactton» which hei« is V» c^*^ ^® immedtatety 
perceive that !« or S |» must be the sqaare root of 1£^« 

1£5. But when the given namber is not a aqoare^ aa IS* for 
example^ it is not possible to extract its sqaare root t or to fiiii 
a number, which^ multiplied by itself, will give the product 1£. 
We know, however, that the sqnare root of li tomt be greater 
than S, because 3^3 produces only 9 : and less than 4, becaime 
4x4 produces 16, which is more than IS. We knew alao> tiiat 
this root is less than S^; for we have seen that the aqaar» of 
3 1, or I is 1£ !• Lastly, we may approach still nearer to this 
aroot, by comparing it with 3 ^^^ ; for the square of 3 ^y, or of ff 
is Y,Y» ^^ l^7^T' ^^ ^^^ this fraction is etitt greater than the 
root required; but very little greater, as the difference itf the 
two sqares is only ^^ l^. 

126. We may suppose that as 3 1 and 3 ^ are numbers greater 
than the root of 12, it might be possible to add to 3 a fraction 
a little less than -^9 Mid pi^ecisely such that the square of the 
sum would be equal to 12. * 

Let us therefore try with 3^, since 4 is a little less than rfj. 
Now Sj- is equal to y, the square of which is y/, and conse- 
quently less by U than 12, which may be expressed by y/ • 
It is therefore proved that 3^ is (ess, and that 3-/^ is grater 
than the root required. Let us then try a number a little greater 
than S-f , but yet less than 3-/^, for example, S^^, This number, 
which is equal to -|-|» has for its square VW* Now, by reduc- 
ing 12 to this denominator, we obtain ^-^W ; which shews that 
.3^Y '^ ^^''^ ^^^ than the root of 12, viz, by -^l^* ^^ ^ there* 
fore substitute for ^^ the fraction •^^, which is a little greater, 
and see what will be the result of the comparison of the square of 
8^ with the proposed number 12* The square of 3^*^ is y// ; 
now 12 reduced to the same denominator is WV ; so that 3*/^ is 
still too small, though only by ^f 7, whilst 3 -/^ has been fouwl 
too great. 
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Un It w«fid0Bt Ofreiwe, «b«t wiMtefier fraction be joined 
to Q, the eguareof thataon aaet ahrays oontaiQ % fraction, an4 
oan never be exactly eiyitd te the Inttger 1& Tbas^ altheagh 
we know that the equare root of 12 ie greater than 3 ^ aad less 
than S ^p yet we are vnaide to aangn an intermediate fraction 
between these two^ which, at the aame time, if added to d, wooid 
express exactiy the square root of 18* Notwithstanding tfaisy 
we are not to assert that the square root of 1 A is absolutely and 
in itself indsterniiaate } it only follows from what has been said^ 
that this root, though it necessarily has a determinate inagni« 
tude, cannot te expressed by fractions. 

Id6» There is therefore a wrt (^ numbers which cannot be 
aesigmd by /-aotfoiM, and loMch ure nevertheless determmtOs 
fUfmHties^ the square root of 12 furnishes an example. We 
CBm tills new species of numbers, irratiofuU numbers ; they occur 
whenever we endeavour to find the square root of a number 
which is not a square. Thus, 2 not being a perfect square, the 
square root of 2, or the number which, multiplied hy itself, 
would produce 2, is an irrational quantity. These nuihbers are 
also called nerd quaniUkSf or inanamenswrables. 

129. These irrational quantities, though they cannot be ex- 
pressed by fractions, are nevertheless magnitudes, of which we 
may form! an accurate idea. For however concealed the square 
root of 12^ for example, may appear, we are not ignorant, tiiat it 
must be a number which, when multiplied by itself, would 
exactly pirodaoe 1« ; and this property is sufficient to give us an 
idea of tiie number. Since it is in our power to approximate its 
value continuaUy. 

ISO. As we are therefore sufficiently acquainted with the nature 
of the irrational numbers, under our present consideration, a par- 
ticular sign has been agreed on, to express the square roots of ail 
numbers fliat are not perfect squares. This sign is written 
thus s/f and is read mpuire rooU Thus, x/m represents the 
square root of 16, or tlie number which, multiplied by itself, 
produces 12. 8o, vs' represents the square root of 2 ; v'S'that 
of 3 5 vl *at 0^4 and, in general, ^/T represents the square 
root rf the number a. Whenever therefore we would express the 



iS^ 
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sqaare rootof airamber wkieh b not m square^ we need only 
make use of the mark v ^Y placing it before the niiimber. 

131. The explanation, which we have given of irrational num- 
bers^ will readily enable us to apply to them the known metbodi 
of calculation. For knowing that the square root of S, multi- 
plied by itself, must produce £ ; we kndw also, that the multipli- 
cation v^ by v^ inust necessarily produce 2 ; that, in the samo 
manner, the multiplication of \/3 by ^/F must give 3 : that \/f 
by x/s" makes 5 ; that vf by x/^ makes | ; and, in general, that 
\/rinvltiplied by ViT produces a. 

132. Bui when %t is required to multijttf x/sT bif Vb" the product 
tvill he found to be v^b ; because we have shewn before, that if a 
square has two or more factors, its root must be composed of 
the roots of those factors. Wherefore we find the square root 
of the product a 5, which is \/ab9 by multiplying the square root 
of a or s/T, by the square root of ft or v*r It is evident firom 
this, that if 6 wef^ equal to a, we should have \/7^ for the pro- 
duct of \/^ by vC Now ^/Ta is evidently a, since a a is the 
sqnare of a. - 

133* In division^ if it Were required to divide v^ ^^^ exam- 
ple, by v^T we obtain \y ; and in this instance the irration- 
ality may vanish in the quotient. Thus, having to divide v^is 
by v^ the quotient is W' ^^jlch is reduced to \/^f and conse- 
quently to |, because | is the square of |. 

134. When the number^ before which we have placed the 
radical sign \/f is itself a square its root is Expressed in the usual 
way. Thus viT is the same as 2 1 x/g' the same as 3 ; ^^36 the 
same as 6 ; and \/ni the same as |^ or S|. In these instances 
the Irrationality is only apparent, and vanishes of course. 

135. It is easy also to multiply irrational numbers by ordi- 
nary numbers. For example^ 2 mt^ttiplM by y/s" rnake^ £ yi^ 
and 3 times \/W make 3 x/£ In the second example, however, 
as 3 is equal to v^ we may also express 3 times vi^ ^y \/9 
times \/2^ or by vi^* So £ \/^ is tl^ same as x/Tuf and 3 va~ 
the same as \/9a» And, in general, ft v^^ has the same value 
as the square root of bba, or vabb ; whence we infer rectpro- 
cally^ that when the number which is preceded by the radical 
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sifn CQtttetiis a qqmve» we imj take the root eP fliat square and 
put tt before t(ie sign^ aa we shoaM do in vritiDg fr v^ »stead 
of Va^^ After tbie, the following reductioaa will be es^Uy 
imderatood: 



/^ nr.yKT J^is equal to< 



VK or vsT " 

VTST or \/W 
VsiT or \/6T 
y/s% or Va^ie 

VrST or Vs^^ 
and so on, « 

136. Division is founded on the same principles. vT divldei 



4 Vs"; 
L5 VFi 



yis 
FarUier --== ^ 

\/2 



>is equal to< 



>is equal to< 



\^* or yi: or 2. 

^yOts/ifOVi/z'i 



V3 



\/144 • — 



3 
12 

vr J 

or \/6^, or lastly 2 ye". 

137* There is nothing in particular to be observed with 
respect to the addition and subtraction of such quantities^ be- 
cause we only connect them by the signs + and — . For 
example, vF added to yg" is written ySf + yj" i and vS* sub- 
tracted from yj" is written yS" — • yST 
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158. We may dbMme laitly» tkat in ovder to diitiBgttiih irt»« 
tional Mimbera, #e ealKall othar mrnkmu, balk mligral ud frac- 
tkmalt natioRol fmadiett. 

So thaty whenever we speak of rational numbers^ va \ 
atand integers or f ractiona. 



CHAPTER XIII. 

Of ImpoMsibU or Jmofinary quantUiesp which arise from (he 
Mtne source. 

139. Wb have already seen Aat the squares of numbers* 
negative as well as positive, are always positive, or affected 
with the sign+$ having shewn that-— a multiplied by— »a 
gives +aaf the same aa tiie prodnct of +a hgr +u. Wharefoi% 
in the preceding chapter, we sufq^ed that all the numbers, of 
which it was rtqairei to aatraet tht squmre rootf^imre positive* 

140. 'When it is aequired therefore to extract the root of m 
negative number, a very great diftculty arises ; m\i» there ia 
no assignable number, the sqaam of which would bo a negative 
quantity. Suppose, for example, that we wished to extract tho 
root of — 4 ; we require such a number, as when moltiplied by 
itself, would produce — 4 ; n^ this number is neither + 2 nor 
-^2, because the aq«uc?»boA of +0 and of — £^i8-{-49 aadMl 
— 4. 

141. We must therefore tonokidey that the square nmt of a 
m^ative nuiaber cawot be either a fositive ntunbdr, or a negative 
mmber, since the squares of negative numbers also take the sign 
plus^ Consequent^.thoroot in question most beloagtoan en- 
tirely distinct species of numbers ; since it cannot be ranked 
f Hhor amoi^ posiitive, or among negative numbers* 

142* Now, we before remarked^ that positiTe numbers are all 
greater than nathing» or 0, and that negative numbers are all less 
than nothing, or ; so that whi^ver exceeds 0, is expressed by 
positive numbers, and whatever is less than 0, is expressed by 
negative numbers. The square roots of negative numbers, 
therefore, are neither greater nor less than nothing. We can-* 
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not say ho^iwrer, that i^ej are ; for multiplied ky pro- 
duces! 0, and coneeqttentiy d^fee'n^ give a negative nomlier* 

143. Now, since all numbers, whkh it» possible to conceive, 
are cither greater orless than 0, or are itself, it is evident 
that we cannot rank the square root of a negative number 
amongst posuible numbers, and we mast therefore say that it is 
an impossible quantity. In tliis manner we are led to the idea 
of numbers which from their nature are impossible. These num^ 
bers are uiudUy calied ma^iMart/ q%mtMtte8f because they exist 
merely in tbQ imagination. 

144. All such expressions, as v/Hi, v— 2, V— 3, \/^, &c., 
are consequently impossible, or imaginary numbers, since they 
represent roots of negative quantities : and of sucii numbers we 
may truly assert, that they are neither nothing, nor greater than 
nothing, nor less than nothing ; which necessarily constitutes 
liiefll iiiMigin«ry9 or impossible. 

145» But iiptiaUistandiRg all this, these numbers present 
'dmnaelves to the miiri; they exist in our imagination, and we 
0UII have a sufficient idea of them ; since we know that byv^ 
iflBieanta number which, multiplied by itself, produces — 4. 
For this neason also, nothing jmvents us from making use of 
iksat imi^piwiry mimbers, and emjdoying them in calculation. 

146. The first idea that occurs on the present subject is, that 
the square of v^> ^^^ exampki or the product of v^3 by 
V^3, must be*^ S; that the pxiductof y^i by \/ZIx is — 1 ; 
andf in general, that by multiplying v-^ by v—o, or by taking 
tiie square of v^, woobtafli ^ a. 

147. Ifow^ as --^ a is equal to 4^ a multiplied by -»- 1, and ar 
tibe square. roo(^ of a product i^ found by multiplying together 
the roots (tf its factorsy it follows that the root of a multi- 
plied by -^ 1, or v^o, . is eqwl to Vo^ multiplied by v— l- 
Now v^ is a. possible or reid number, consequently tlie whole 
mpombiUty rf an tm^gmory giMMrfi% ma jf be Qtwa^sreduad to 
V^i. For this reason, \/Za is equal to vi multiplied by 
VHi, and equal to 2 \/^i, on account of V4~ being equal to g. 
For the same reason, v'JTg is reduced to ^ x V-*li ^^^ V— 1 5 
and v^^ is equal to 4 y^i. 
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148. Moreover^ as \/T oniltiplied by vT makes v5» we 
shall have x/^tw value 0f v^ omKK^Iiftt ^J V^ I ^d V47 Qf 
% for the value irf the product of v^i by ^1:4. We see^ tber6» 
fore, that two imagmmi fmrnken, muMifliid kgc^m-, froduet a 
realf or po9$ihk one ^ 

Buty on the contrary, a fOuiMt wittier, muLiiplizi by an inir 
posiiNe number, give$ ohc^jfB am iinMginwry :product / tbus^ y-^ 
by V+i gives v^^* 

149. It is the same n^ith regard to division; forv^ divide^ 

by x/r making K» it is evident that v^ divided by \/Z.i vffl 
make xZ+i, or 2 ; that V4^3 divided by v^ ^viU give v^^ 
and that 1 divided by v^lgiv^ f— f or V^i; because 1 is 

eqaal to \/l^u 

150. We have before observed, that the fiNiuare mot of ailjr 
number has always two values, one positive and vft« ettier 
negative ; that v? f^^ example^ is both + 2 and «— ^ and iMt 
in general^ we must take — x/tT as welt ais -f \/<r for the s^tmt^ 
root of a. This remark applies also to imaginary nnmbersi 
the sipiare root of -^a {5 both + v/Ha and -« v"^ $ ^ ^^ ^'^^^ 
7io{ confotmd the signs + o.nd — , whkkart befin the ft^iiaeil s^ 
x/f with the sign which comes qfkt ii. ' 

151. It remains for us to remove any doubt Whiell IMy^bb 
entertained concerning the'utiKty of the numbers of which we 
have been speakfai^; for those nttnfbers beirtg f mpCMlriUe, it 
would not be surprising if afn^ one'siioiild tiilnk flMM eatlrety 
useless, and the subject only of idle spe^Iation. Whbi however 
is not the case. The calcnlatioR tf imaginary qiiMtiliea is <tf Ike 
greatest imporfiance: questions ft^uentfy aride, of wUch we 
cannot immediately say, whether tMiy. inoiude any thtog real 
and possible, or not. Now, when the aftkrtiim of iucii a ques- 
tion leads t6 Imaginary liutmbers, weave cectem that what is 
required Is Impossible.^ 

* This is followed in the original by an example intended to illustrate, what 
is here said. It is omitted by the Editor, as it implies % degree of acquaint- 
ance with the subject^ which the learner cannot be supposed to pOHtM at this 
stage of his progress. 
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153. Whsit a number has been mtdtiplied twice by Useiff or, 
which is ttte same thit^, v^hen tfte square of a number has been 
multiplied once more by that number, we dWirfn a product which i$ 
caUed a cube, or a cubic number. Thus, the cube of a Is a a a, since 
it is the product obtained by multiplying a by Itself, or by a, and 
ttMl square « • agaiD by a. 

The cubea of the natural nunoibers therefore succeed each 
other in the foUoifriitg' order. ' 



M umbers. 
Cubes. 


1 


2 3 4 


5 


6 7 


8 


9 
729 


10 


1 


8 27 64 


125 


216 S43 


512 


1000 



I53« If we couaider the differences of these cubes, as we 
4iA flMpe of the squares, by subtracting each cube from that 
which comes after it, we shall obtain the following series of num- 
bera; 

7, 19, 37, 61, 91, 127, 169, 217, 271. 
At flnrt we do Bot observe any regularity in them ; but if we 
take the respective dilferences of these numbere, wo find the 
ibIlowiiigs#ries: 

l%f 18, 24, 30, 36, 42, 48» 54, 60 ; 
in wineh the teiws. It ia evident, inerease always by 6. 

t94it AAsr tile defiaitim.we have given of a cube, it will not 
Ibe^iAcult to Av4 tlie e«be of fnctioMi mioibers ; | is the cube 
«f i ;^ irV ■* te «be d ^ ; ftnd.^V >« *^ ^^ of |. In tiie 
WBxm nHmner, w^e have, only to taiie Hie cube of the numerator 
Mid ttat of the denonsiaater aapamtdy, and we sliali have as 
the cnbe of ^ ferimtanoe, f(. 

105. Kit be r a qwcd UJM tk$ citke efa mixed number, we must 
first reduce it to amng^fraOim, and thm proceed in the manner 
that has been described. To find, for example, the cube of 1|, 
we must take that of |, which is y, or 3 and |. So the cube 
«ff f ^« ar of the sii^gle fraction J, is VV> ®** Hi 9 ^^ the cube 
of SJ, or of V is »U% or 34$^. 
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1 56. Srnco AaaiB the cube of o^ tiiftt of a b will heaaahhh ; 
whence we see ^ that if a nmiAer has two or mate factors, m 
may find its eiihe hy muUijdying together tiu eMes of those fadonm 
For example, as 12 is equal to 3 x 4, we multiply the cube of 3, 
which is 279 by the cube of 4, which is 64, and we obtain 1728, 
for the cube of 12. Further, the cube of S a is B a aa^ and conse^ 
quehtly 8 times greatcir than the cube of a : and likewise^ the 
cube of Sa is sr aao, that is to say, 27 times greater than the 
cube of a. 

157. Let us attend here also to the signs + etni*^. ItiB 
evident that the cube of a positive number -f a must atoo be 
positive, that is +aaa. But iflt be required to cubea ne^tive 
number -r-a, it is found by first taking the square, which is 
^aa^ and then multiplying, according to the rule, this square 
by — a, which gives for the cube required — uaa. In this 
respect, therefore, it is not the same with cubic numbers as wUh 
squares, since the latter are always positive : whereas the cube 
of — 1 is — 1, that of — 2 is — 8, that if — S w — 27, and 
so on» 



CHAPTER XV. 

Of Cube Roots, and of irrational numbers resulting from tkenL 

158. As we can, in the manner already explained, find the 
cube of a given number, so, when a number is proposed, we may 
also reciprocally find a number, which, multiplied twice by itself, 
will produce that number* The number here sought is called, 
with relation to the other, the cnbe rod. 8o thai Me cute root of 
o given number is the nunAer v^tose cube is equal to that given 
number. 

159. It is easy therefore to determine the cttbe root, when the 
number proposed is a real cube, such as the examples in the last 
chapter. For we easily perceive that the cube root of 1 is 1 ; 
that of 8 is 2 ; that of 27 is 3 ; that of 64 is 4, and so on. And 
in the same manner, the cube root of *— 27 is-^S; and that of 
•— 125 is — 5% 
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Vufiker, if flie fnpmi somber be a fraction, as /^^ ^^^ ^^^^ 
root of it must be f ; and that of -yS^ in 4. Lastly* the cube 
root of a mixed Bumbm* ^^ must be ^9 or 1-| : because ^f^ is 
equal to |^« 

160. But if the proposed number be not a cube, its cube root 
cannot be expressed either in integers, or in fractional num^ 
bers. For example, 43 is not a cubic number ; I say there- 
fore that it is impossible to assign any number, either integer 
or fractional, whose cube shall be exactly 45. We may how- 
ever affirm, that the cube root of that number is greater than 
5, since the cube of .3 is only S7 ; and less than 4, because 
the cube of 4 is 64. We know therefore, that the cube root 
required is necessarily contained between the numbers 3 
and 4. 

161. Since the cube root of 43 is greater than 3* if we add a 
fraqtion to 3, it is certain that we may approximate still nearer 
and nearer to the true value of tliis root : but we can never 
assign the number which expresses that value exactly ; because 
the cube of a mixed number can never be perfectly equal to an 
integer, such as 43. If we were to suppose, fbr example, 3 J, or 
^ to be the cube root required, the error would be -J- ; for the 
cube of I is only *^*, or 42|. * 

162. This therefore sdiews, that tlU eube root of 43 cannot be 
eocpressed in any ways either by integere or by fractions. How- 
ever we have a distinct idea of the magnitude of this root ; 

which induces us to use, in order to represent it, the sign v^, 
which we place before the proposed number, and which is read 
euiberoot^ to distinguish it from the square root, which is often catted 

8 ___ 
simply the root. Thus y'^s means the cube root of 43, that is to 

aay, the number whoso cub^ is 43^ or which, multiplied twice 
by itself, produces 43. 

IQd. It is evideat also^ ijbat such e:q^es^n8 cannot belong 
to rational quantities, a^d that they ratl^er form a particular 
species of irrational quantities. The^ have nothing in common 
with square roots, and it is not possible to express such a cube 
root by a square I'oot ; as^ for example^ by v^ i ^^^ ^^^ square 
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of V13 ^^^ ^^9 ito cube will be tS Vu^ coMoqimitty atitt irra- 
ttonalf and such cannot be equal to 43. 

164. If the proposed mtmber be a real cube, oar expressions 

become rational; Vi ^ ^V^ to 1 ; vs i» ^4<^ ^^^ S ; i/^r is 

s 

fguoIfoS; md»;ffiera%f Vaaa i««viMi(^a«» 

»__ 

165. if if were proposed to muttiply one cube rooftf Va, if andher, 

3 «_ 

i^/bj tA« produet must be Vab ; for we know that the cube root of 
a product a bis found by multiply ing together the cube roots of 

the fiftctors (156). Bence» also, if we divide \^Z by y^ the quo* 
tientwiUbeJl. 

3 3 

166. We further perceivey that 2 yr ^ ^V^^ ^ v^^> because 

3_ 3_ 3 8__ 

2 is equivalent to vs ; that S ^a is equal to ^27 a, and b\/a iB 

3 

ei^pial to v« 6 6 ». 8o^ reciprocally » If the number under the radi« 
cal sign has a factor which is a cube» we may make it disappear 
by placing its cube root before the sign. For example, instead* 

3 3 ^^ 3 S 

of \/64ia we may write 4 Va* and 5^4 instead of y/i2Sa^ 

fience vi6 i» eqmi to 2 \/% because 16 is equid to S x S. 

167. When a aumber prcqioeed is negaCive, its cube root is 
not subject to theaame difflcolties flmt occurred in treating of 
square roots. For, since the cubes of negative numbers are 
negative, it follows that the cube roots of negative numbers ara 

8_ 3 

-only negative. Tbu9» v-^ is equal to — 3,. and v— 2r to -^ 3, 

3 3_ 3 

it follows also^ that \/^m is the same as — vi2, and that v-« 

may be expressed by — Val Whence we see, that the sign — , 
when it is found after the sign of the cube root, might also have 
Ibeen placed before it We are not therefore here led to impos- 
sible, or imaginary numbers, as we were in considering the 
^square roots of negative numbers. 
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cmrmn xvi. 

Of Potters in generiU. 

J 68. The productf which we cbtain iy imdtiptjfing a number 
ieveral times by UsetftisooUedapaxver. TbttSya square which 
arises from the multiplication of a number b^ itself, and a cube 
which we obtain by multipljing a number twice by itself, are 
powers. We say also m the farmer case, that Me number is raised 
to the second degree, ort/othe se&mipatver ; and in the latter, that 
the nufnber is raised to the third degree, or to the third power. 

169. We distinguish these powers from one another by the 
number of times that tbe given number has been used as a factor^ 
For example, a square is called the second power, because a 
certain given number has bee^n used twice as a factor ; and if 
a number has been ubed thrice as a factor, we call the pro- 
duct the tirird pewe^f ^ich therefore means the same as 
the enbe. Multiply a number by itself tiU you have used it four 
times as a Cictor, and jToo will haye its fourth i^wer, or what in 
ONnmohly called the* bi^^qmiraUi* From what has been said it 
will be easy to understand what is meant by the fifth, sixtli» 
seventh, ka, power of a number, i only add, that the names of 
these powers, after th« iNrth d^eree, cease to haye any other 
hut theft wsia^ral'^tiiietiHMu 

V% To illustrate tibis stilt furttifr,^ wei n^ay pbservef in the 
first place, thuti the pm>»$<^l rmnam oifc'iiys ti0 same^; because^ 
whatever aumher of times we multiply 1 by itself, the product 
is foQnd to be always 1. We shall th^irefore begin by repre^ 
senting the ]^owers of 2 and c^9. They succeed in the following 
order: 
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But tlie powers of the number 10 are the most remarkable ; 
for on these powers the system of our arithmetic is founded. A 
few of them arranged in order» and beginning with the first 
power, are as folbws : 

I. II. III. IV. V. VI. 

10. 100, 1000, 10000, 100000, 1000000, &c. 

171. In order to illustrate this sobject, and to consider it in a 
more genera! manner, we may observe, that the powers of any 
number, a, succeed each other in the following order. 

I. II. III. IV. V. VI. 

^, uGf aaOf aaaa, uaaaa^ auaaaafScc. 
But we soon feel tiie inconvenience attending this manner of 
writing powers, which consists in the necessity of repeating 
the same letter very often, to express high powers ; and the 
reader also would have no less trouble, if he were obliged to 
count all the letters, to know what power is intended to be 
represented. The hundredth power, for example, could not be 
conveniently written in this manner ^ and it would be still more 
difScuit to read it. 

172. To avoid this inconvenience, a much more commodious 
method of expressing such powers has been devised, which from 



i 
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its extensive ua» danepves to be cftreftily ex)>lftined J *ti%. To 
express^ for • example^ the hundrecHh power, inre simpler write the 
number 100: above tho number who^ hundredth power we would 
express, and a little towards the right-hand ; thusa^^^' means 
a raised to 100, and reptesenU the hundreih f9wer ^ a. It must 
be observed, that the. name eocponent is given ta the number' writ* 
ten above that whose' ponu^erf or degree, it represents, and which in 
the present instance is lOO, . 

17% In the same manner, a^ signifies a raised to Q, or the 
second power of a,_whicb.wo represent sometimes also by a at 
because Ix^h these expressif^ns are written And understood with 
equal facility. But to express the cube, or the third power a a a, 
we write a^ according to the rule, that we may occupy less room. 
So a* signifies the fourth, a' the fifth, and a* the sixth power 
of fl. . , 

174. In a word, all tte powers of a will be represented by a, 
a», a*, a*, a«, a«, a'', a.«, a*, a^*>, &c. Whence we see that in 
this manner we might very properly have ^Titten a' instead 
of a for the first term, to shew the order of the series more 
clearly. In fact a^ is no more than a, as this unit shews that the 
letter a is to be written only once. Such a series of powers is 
called also a geometrical progression, because each term is 
greater by one than the preceding. 

175. As in this series of powers each term is found by multi- 
plyii^ the preceding term by a, which increases the exponent 
by 1 ; so when any ixarm is given, we may also find the preced- 
ing one, if we divide by a, because this diminishes the exponent 
by 1. This shews that the term Which precedes the first term a^ 

must necessarily be — , or 1 ; now, if we proceed according to 

the exponents, we immediately conclude, that the term which 
precedes the first must be a^. Hence we deduce this remark- 
able property ;.tbat ^^ is con^anUy eqmd to 1, however great or 
smaU the value of the number a may be, and even when A is noth- 
ing; that is to say, a^ is equal to 1. ' 

176. We may continue our series of powers in a retrograde 
order, and that in two different ways ;' first, by dividing always 
by a, and secondly by diminishing the exponent by unity. And 
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it is evident 4bit« wketber w« follow flio ow «r the QflM«r» At 
ierwi ar« alill perfecUy i^ual. Th)g 4f»rea8ing aeries b 
iiepresented* in both foniis» in the foUewiof table^ wliicli nust ke 
reed backwardsy or from right to left. 
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177. We are thus brought to understand the nature of power% 
whose exponents are negative, and are enabled to assign tfce 
precise value of these powers. From what has been siUd^ it ap- 
pei^rs that^ 

f 1 ; thea 
1 



> is equal to < 



•-3 



ar^ 



I 1 

—J or -=•• 

1 
i,&e. 



ITS. » wiH be ewy, from the fercfpHng nolatiom to find tte 
fMWers afaproduct* a b. They must evidinUy 6e ah, «■ a* bS 
a» b*, a» b», a* b*, a^ b*, ^c. Md the pmvers of fractions wfl 
te/(wtid in the same manner ; far example those flf ^ are, 
a« a* a' a^ a« a« a^ ^. 

hi' b"*' r/ M' r^' b"^' b"^^ *^- 

179. Lastty, we have to consider the powers of negative nma- 
bers. Suppose the given number to be — a; ite powers ¥Jll 
fprm the following series : 
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"We m$kj observVf thai tbos^ powers oolj bfitwie. B^gAtiire 
xfhuse expeneiitB are odd nombersiy and that, en the contrary^ 
all the fowenf which havo ihi even number for the exponeot^ 
are positive. So that) the third, fifth, seventh, niiith, &c., p!»w« 
eta have each the sign -^ ; and the second, fourthf sixfbt eighth, 
Ac, paw^ra are affected with the sign 4^ 



Of lAa eaicmlatiM qf Powers^ 

18(h Ws bi^Te mitking in particolar to oba^rvcf with itgard 
to the addition and srabtractton of powers; for we only repre- 
■ant time operations by means of tfae^signi -f and ^^ when tbc^ 
powers are diflbrant. For example, a^ -f a* is the snm qf tht 
^CMid and Aird pdwers qf a ; and a' --^a^ is r^hai remaim 
when iioe subtract the/mrfft pcwer qfafrom tktjifth ; and fU^ker 
qf ike$e resuUs am be eJMdgtd. When ^e bate powers of the 
Mme kind, or degree^ ft is eridentty nnnecessiiry to coni^t 
them by signs ; d' 4-a^ malceffd a^, &c. 

18t. But, ifi the multiplication of powers, seven^ tUags re- 
antr^ attentiofi* 

First, when it is inquired fa mnlflply any power of d by tf^ 
y9tt obtain the sncceeding power, tbat is to say, the power #liose 
exponent ia greater by one unit« Thus a*, multiplied by Op 
produces a' ; and a^, multiplied by a, produces a^. And, in 
the same manner^ when it is required to muMpfy by d the 
powers of that number which have negative exponehtd, w6 must 
add 1 to the exponent. Thus, a"* ^ multiplied by a prdduees a^ or 
I } which is made more evident by considering that a*^ is equal 

la -^ aid that the product of ^ by a being ^^ it is consequ^tly 

equal to 1. Likewise d* ^ muItipKed by a produces a^^, or 

— ; and a^^^, multipled by a, g^ves. oT^r ud so on» 

18^. Kext, if tt be required to omltipfy a power of a by a a, 
or the second power, I say that the exponent becomes greater 
by 2. Thus, the product of a*^ by a* is qt; that of a* by o» 
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a' ; that ofu^ by a' is a* ; and, more generaHy^ €^miMip\i$d 

by a* makes bP^*» With regard to negative fxpfmetitSf we shaB 

have a*, or a, for the product cj a""* *y a* ; for a~* being equal 

1 » 

to — , it is the same as if we had divided a a by a ; consequently 

the product required is -^^ or a. So a"*, multiplied by a* pro- 
duces a®, or 1 ; and a~*, multiplied by a*, produces a""*. 

183. It is no less evident thaty to multiply any power of a by 
a^, we must increase its exponent by three units ; and that 
consequently the product of a*» by a> is a*^*. And wAcnev/r it 
is required to multiply together two powers of sl, the prpduct will be 
also a power of a, and a power whose exponent will be the sum of the 
exponents oj the two gi^en powers. For example, a'* multiplied by 
o* will make a*, and a^* multiplied^by a^ will produce aV*, &c. 

184. From these considerations we may easily determine the 
highest powers* To find, for instance, the twenty-fourth power 
of 2^. I multiply the tweirth power by the twelfth power^ because 
2** is equal to 2** x.2*'. Now we have already seen that 
2^> is 4096 ; I say theref<n*e that the number 16r7r216,.or the 
product of 4096 by 4096, expresses the power required, SL^^. 

185. Let us proceed to division. We shall remark in the 
first place^. that to divide a power qf a by s^ we mAist subtract 1 
from the exponent^ or diminish it by unity. Thus a' f divided by 

a, gives a* ; a*, or 1, divided by a, is equal to a-^ ^^"^ ^* *""*» 

div^ided by a, gives o"-*. 

186. If we have to divide a given power of a by a*, we must 
diminish the exponent by 2 ; and if by a*, v^e must subtract 
three units from the exponent of the power proposed. So, in 
generaU whatever power of a it is required to divide by another 
lower of ^9 the rule is always to ubtrad the exponent qfthe,second 

from the exponent qf the first of tliese powers. Thus a**, divided 
by a^, will give a* ; a* divided by a'', will give o~*; and a"V 
divided by ff*; will give a'^''. 

I87j« Frpm what has been said above, it is easy to understs^d 
the nielhp4ef finding the powers of powers, this being d6ne"by 
multjpiif ation. When we seek, ; fpr example, the square, or the 
second power of a', we find o« ; and in the same manner we 
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imd fl** for the third power or the cube of a^. /To obtain th$' 
square qfapontver, tve have only to double its eocponent ; for its cubcp 
'itm^mnst triple the exponent ; and so on. The square of a** is 
«*^7**th e cube of a" is a** ; the seventh power of a* is a^", &c. 

188. The square of a*, or the square of the square of a, 
being a*, we see why the fourth power is called the bi-quadrate^ 
The square of a* is a*j ; the sixth power has therefore received 
the name of the square-cubed. . 

Lastly, the cube oif a^ being o*, we call the ninth power the 
eubO'Cube. No other denominations of this kind have been 
introduced for powers, and indeed the two last are very little 
used. 



CHAPTER Xnil. 

Of Boots with relation to Powers in general. 

189. Since the square root of a given number is anumber^ 
whose square is equal to that given number ; and since the cube 
root of a given number is a number, whose cube is equal to that 
given number ; it follows that any number whatever being given, 
w^ may always indicale siKsh roots of it, that their fourth, or 
their fifth, or any other pawer» may be equal to the given num- 
bed. To distinguish these different kinds of roots better, we 
dli^H call the square root the ^cond root ; and the cube root the 
third root ; because, according to this denomination, we may call 
atie fourth rootf that whose biqliadr^te is equal to a given num- 
ber ; and ilke^ftfth root, that whose fifth power is equal to a given 
number, &c. 
' igo* As the square, 4ir socorid root, is marked by the sign 

3 

-k/, and the cubic or third root by the sign v, so the fourth root 

is represented by the sign v 5 ^^ fi^^* root by the sign v; and 
8o.on;<itvis evident that according to this mode of expression, 

the 6i,^n of the square root ought to be v- But as of all roots 
this occurs most frequently, it has been agreed, for the sake of 
brevity, to omit the number 2 in the sign of this root. So that 
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when • radical siga bu m irambv prefiztd* Hob dwqr* aiKnw 
that the square root is to be widentood. 

191. To expkis this matterstiU further, we AM here oshibii 
the differeat roots of the nanberoy with their reqMOtiT»Tal«e»i 
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192. Whether the noniber a t hc f rfu r e be greeit wmmllf ti» 
knew what raliie to nfc to aU Aew poots of different dc^^reea* 

It rausrt be remaarked also, that if weaubstitiite unity for OjnU 
those roots remain constantly 1 $ becavse all the powers of 1 
have onity for their valoe. If the nirasber a be greater than Ig 
an its roots wiD also exceed unity. Lasfly, if tbat nanbtt* ba 
less than 1^ ail its roots will also be leas than unity* 

193. When the number a is positive, we know from what waa 
befm*e said of fbe square and cube moH that ^1 the other roots 
may $Asa be determined^ and will be real and possible numbers. 

But if the number a is negative, its second, fourth, sixth, and 
an the even roots, become impossible, or imaginary aaorivers: f 
because oU the evtn ptrwersr whel^ (f pastttm, arrfn€galvo€ 
number^ are tffeoM with tkt ^gn -f« Whereas th^ tbird^ J^f 
Mro€ntih uniall odd voots^ becomi ntgathef but rational ; because 
the odd powem of negative auaibers, are also ne^tive* 
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194. We have here also an inexhaustible scource of new kinds 
of surd, or irrational quantities ; for whenever the number a is 
mt actually such a power^ tm some one of the for^;oing indioea 
represents^ or seems to require, it is impossible to express 
that root either in wliole numbers or in fractions ; and conse- 
quently it must be classed among the numbers wUch are called 
irrational. 



CHAPTER XIX. 

Of the Mthod of representing Irratumal jnmiters 5y Practianal 

Exponents. 

195. Ws hat^ shewn in tfie preening chapter^ flMt the square 
of any power is found by doubling the exponent of that power, 
and that in general the square, or the second power of o^ , is 
a'*« The converse fbllows, namely, that the square roeii ef the 
p&wer a^ is a* « and that tt isfmnd ftjf taking half the exponent vf 
thai power 9 er dtrkfinf tl by 8. 

19$. T%ua the square root of «> is m^ ; fliat of a^ isa* ; 
that of a* is a* ; and so on. And as this is general, the square 

9 5 

Mot of M* mmt neoosaarily be a^ and that of a* u\ Con- 
sequently we shall have hi the same ntanner a^ (br the square 

root of a* I whence we see that a» is equd to Va" 5 ^^d this 
new method of representing the square root demands particular 
attention. 

197. We have also shewn that, to find the cube of a power as 
it*» , we must multiply its exponent by S^ and that consequently 
the cube is a ^". 

So conversely, when it is required to find the third or cube 
root of the power a^^ , we have only to divide the exponent by 
S, and may with certainty conclude, that the root required is a". 
Con9eqQently a^, or a, is the cube root of a^ ; q* is that of a* j 
a,^ is that of a* ; and so on. 

198. There is nothing to prevent us from applying the same 
reasoning to those cases in which the exponent is not divisible 
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s 
by 3, and concluding that the cube root of a* is o', and that the 

cube root of a^ is o', or a ■^. Consequently the third, or 

cube root of a also, or a^ must be a^. Whence it appears that 

a"^ is equal to Va. 

199. It is the same with roots of a higher degree. The 

fourth root of u will be a ^^ which expression has the same value 
as v/«- 'The fifth root of a will be a^, which is consequently 

5 

equivalent to Va~; and the same observation may be extended 
to all roots of a highfr degree. 

200. We might therefore entirely reject the radical signs at 
present made use of, and emplc»y in their stead the fractional 
exponents which we have explained ; however, as we have been 
long accustomed to those signs, and meet with them ^n all 
books of algebra, it would be wrong to banish them entirely. 
But there is sufficient reason also to employ, as is now frequently 
done, the other method of notation, because it manifestly corres- 
ponds with what is to be represented. In fact, we see immediate- 

I 
ly that d^ is the square root of a, because we know that the square 

111 
of a', that is to say, a^ multiplied by a^, is equal to a* or a. 

9,QU What has now been said is sufficient to shew, how we 

are to understand all other fractional exponents that may occur. 

4 

If we have, for example, d^^ this means that we must first 
take the fourth power of a, and then extract its cube or third 

4 3___ 

root; so that cP is the same as tlis common expression^ ^si4. 

To find the value of o^, we must first take the cube, or the 
thiiHl power of a, which is a^, and then extract the fourth root 

3 4__ 4 

of that power; so that d^ is the same as ^/as. Also a^ is 

5 

equal io\/a^f &c. 

202. When the fraction which represents the exponent ex- 
ceeds unity, we may express the value of the given quantity in 

5 

another way. Suppose it to be a^; this quantity is equivalent 

pi 1 1 

to a''^, which is the prod^ict of a* by a^. Now aT being 
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g 10 

enual to \/Z it is evident that a' is equal to a» s/7. So a ^ , 
or a ^ is equal to a^ \^a ; mA a^ 9 that is a ^, expresses 
a 3 ^^, These examples are sufficient to illustrate the gi-eat 
iitilHj of fractional exponents. 

203. Their use extends also to fractional numbers : let there 

be given — t=, we know that this quantity is equal to -5- ; now 

we have seen already that a fraction of the form — may be ex- 
pressed by a-" ; so instead of — = we m%f use the expression 

«-y. In the same manner, - — is equal to a-7. Again, let 

the qi^antity -^ be proposed i let it be transformed into tliis, 

a' ^ s 

-J, which is the product of fl* by ar% ; now this product is equi- 
na 

valent to a^, or to a S or lastly to a Va. Practice will ren- 
der similar reductions easy. 

£04. We shall observe, in the last place, that each root may 

' be represented in a variety of ways. For s/a' being the same 

as cflf and | being transformable into all these fractions, |, |. 4> 

tV -179 &c., it is evident that v^a t^ equal to ^/asy and to \/as and 

to va^« and so on. In the same manner \/^^ which is equal 

to a^, will be equal to Vas, and to Va^* and to \/a^. And 
we see also, that the number a, or a^ , might be represented by 
the following radical expressions : 

2_ 8-. 4_ «_ . 

\/a*, v^a'» \/aS Va*, occ. 
.£05. This property is of great use in multiplication and 

division : for if we have, for example, to multiply \/a by Va, 

we write Va^ foi* V^* ^^d v^a^ instead oi \/a 9 in this man- 
ner we obtain the same radical sign for both, and the muiti- 

6 

plication being now performed, gives the product y^. The 

Ame result is deduced from ft'"*^, the product of a^ multi- 
FAd. 4lg. 8 
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plied by aJ ; for | + -^ id j^f and conseqmifly t\m protect te- 
quired is u^ or v'* 

■ — * 3 I 

it were required io' divide Va, ^ ft*> ^y VaT ^ ^'# '«w 
aJottW ftare for the quotient 2? '^, or a* "*" % that i$ say, a* 
ory/i: 



CHAPTER XX. 

Of the differed niethods of cakulatum, and ^ their tmitmA 
connexion. 

S06. HiTSQfiSTo we bare only explained the different Qiethod$ 
of calculation : addition^ subtractionf multipllcationf and diyis- 
ion ; the involution of powers, and the extraction of roots. It 
«v\Il not be improper thereforey in this place, to trace Jback the 
origin of these different methods, and to explain the connexion 
which subsists among them ; in order that we may satisfy our* 
selves whether it be possible or not for other operations of the 
same kind to exist. This inquiry will throw new light on the 
subjects which we have considered. 

In prosecuting this design, we shall make use of a new cha- 
racter, which may be employed instead of the expression that 
has been so often repeated, is equal to ^ this sign is xr, and is 
read t^ eqtial to. Thus, when I write a = b, this means that a is 
equal to b: so, for example 3 + 5 = 15. 

207. The first mode of calculation, whicli presents itself to the 
mind, is undoubtedly addition, by which we add two numbers 
together and find their sum. Let a and b then be the two given 
numbers, and let their sum be expressed by the letter c, we shall 
have a + b=:c. So that when we know the two numbers a and 
b, addition teaches us to find the number c. 

208. Preserving this comparison a + & = c, let us reverse the 
question by asking, how we are to find the number J, when we 
know the numbers a and c. 

It is required therefore to know what number must be added 
to a, in order that the sum may be the number c. Suppose, for 
example^ a=3 and ^ = 85 so that we must have s+b=zB; 
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i wm ei<identljr be, hmA by subtracting 3 from 8* So* in genenalf 
to find h, we must subtract a from c^ whence arises 6 = c — a ; 
for by adding a to both sides again^ we have h + asiC — a + a, 
that is to say s c» as we supposed. 
Such then is the origin of subtraction. 

209. Subtraction therefore takes place, when we invert the 
question which gives rise to addition. Now the number which 
it is required to subtract may happen to be greater than that 
from which it is to be sulitracted ; as, for example, if it were 
required to subtract 9 from 5 : this instance therefore fumishea 
ns with the idea of a new kind of numbers, which we call nega*^ 
tive nunibers, becausje 5 — 9 = •— 4. 

210. When several mimbers are to be added together whicix 
are aU equal, their sum iS fo^nd by multiplication, and is called 
ft product. . Thus ah means tiie prodiict arising from the multi* 
plication t)f a l»y i^ ot* fit>m the addition of a number a to itself 
hfeamh&p of Mvies. If we represent this product by the letter 
c^ wesfaaHhav^ aj^se; and multiplication teaches us how to 
daterttiiie the number e> when the numbers a and h are known. 

Sll. Let us now propose the following question : the numbers 
a and c being known » to find the number 6. Suppose, for 
example, and and c = 15^ so that 3 b ;= 15, we ask by what 
umber S must be muttiplkdy in oitier that the product may be 
15: for tile question proposed is reduced to this. Now this is 
dtvimoti: the n«niNtr required is found by dividing 15 by 3; 
and therefore, in genera], the number i is found by dividing c 

by o ; fttnn which results the equation J = — . 

212. Now, as it frequently happens that the number c cannot 
be really divided by the number a, while the letter h mast how-> 
ever have a determinate value, another new kind of numbers 
presents itself^ these are fractions. For example, supposing 
a = 4, c = 3, so that 46 = 3, it is evident that 5 cannot be an 
integer, but a fraction, and that we shall have 6 = |. 

213. We have seen that multiplication arises from addi- 
tion, that is to say, from the addition of several equal 
quantities. If we now proceed further, we shall perceive 
that from the multiplication of several equal quantities to- 
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geihev powers are derived. Those powers are represented iu 
a general manner by the expression a^, which signifies that the 
number a must be multiplied as many times by itself^ as is 
denoted by the number b. And we know from what has been 
already said, that in the present instance a is called the root^ h 
the exponent, and a^ the power. 

514. Further, if we represent this power also by the letter c, 
we have a^ = e^ an equation in which three letters a, fry c, are 
found* Now we have shewn in treating of powers, how to find 
the power itseff, that is, the letter c, when a root a and its 
exponent b ai*e given. Suppose, for example, azs 5f and ft = S, 
so that c = 5' ; it is evident that we must take the third power 
of 5, which Is 125, and that thus c = 1£5. 

51 5. We have seen how to determine the power c, by means 
of the root a and the exponent b ; but if we wish to reverse the 
question, we shall find that this may be done in two ways, and 
that there are two diflferent cases to be considered ; for if two 
of these three numhera a, &, c, were given, and it were required 
to find the third, we should immediately perceive that this 
question admits of three different suppositions, and consequently 
three solutions. We have considered the case in which a and i 
were the numbers given, we may thercfbre suppose fvrtbe r that 
c and a, or c and b are known, and that It is required to deter- 
mine the third letter. Let us point out th<^refon^, before we 
proceed any further, a very essential distinction between inve* 
lution and the two ojierattons which lead te it. When in 
addition we reversed the question, it coidd be done only in one 
way ; it was a matter of indifference whether we took c and a, 
or c and b^ for the given numbers, because we might indiflfer- 
ently write a + b, or 6 -f- a. It was the same with multiplica- 
tion ; we could at pleasure take the letters a and 6 for eacli 
other, the equation a 6 =c being exactly the same as bazz^e. 

In the calculation of powers, on the contrary, the same thing 
does not take place, and we can by no means write 6* instead of 
a*. A single example will be sufficient to illustrate this: let 
a = 5, and 6 = S ; we have n* = 5» = 125. But 6« = 3* = 243 : 
two very diffcrtnt results. 
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SECTION n. 

OF THE DIFFEllENT METHODS OF CALCULATION APPLIED TO 
•OfPOVMD qUANTXTURS. 

CHAPTER I. 

Of the JiddUion oj Compomd Quantitm* 

ABTICXE 216. 

i Whsh two or more expressicMiSt consiatioi; of soFeral tenon, 
are to be added together^ the operation is freqaently represented 
merely by signs, placing each expression between two paren- 
theses, and connecting it with the. rest by means of the sign -f* 
If it be required^ for examide, to add the expressions a+b + c 
and d + e -f /> we rq^sent the sam thus : 

ia+b + c) + {d+e+f). 

£17. It is evident that thiis is not to perform addition^ but only 
to represent it We see at the same time> however, that in 
mHler to perform it actuidly^ we have only to leave out the 
parentheses ; for as the number d + e+fis to be added to the 
other, we know that this is done by joining to it first + d, then 
•f e, and then +/; which therefore gives the sum 
a + b + c + d + e+f. 

The same method is to be observed, if any of the terms are 
affected with the sign — ; they must be joined in the same way^ 
by means of their proper sign. 

. £18. To make this more evident, we shall consider an exam* 
\Ae in pure numbers. It is proposed to add the expression 
15 — 6 to 12 — 8. If begin by adding 15^ we shall have 
IS .^8 4. 15 • now this was adding too much, since we had only 
to add 15 — 6, and it is evident that 6 is the number which we 
have added too much. Let us therefore take this 6 away by 
writing it with tlie negative sign, and we shall have the true 
sum, 12^8^15 — 6, 
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which shews that the sums are found by vmH/ng all the tertM^ 
each with its proper sign* 

219. If it were required therefore to add the expression 
d-^e *--/ to a — h + CfVit should express the sum thus : 

a^b+e + d—er^f, 
reinarkiiig however that it is of no consequence in what order 
we write these terms. Their place may be changed at pleasore^ 
provided their signs be pre^rved. This sum mighty for exam* 
fdOf be written thus : 

c — e+a— /+d— -b. 

220. It frequently happens^ Ihat the sums represented in 
this manner may be considerably abridged, as when two or 
more terms destroy each other ; for example, if we find in the 
•amesumthe terms 4-a— ^a, or da— 4a4-a: or when two 
or more terms may be redwced to one. ExMqies of fliia aeeood 
reduction : 

•^6c + 10ctt^4c^ 

5a — Sa = ^^3a; — rft-fis — 66; 

— 3c — 4cn=.— 7cj 

ta^-'Sa + azs — 2a; — Si-— -56+2b=--^66. 

Whenever two or more terms, therefore, are entirely the same with 

regwrd to letters, their sum may be abridged : bat those cases 

must not be confounded with such as these> 2aa-|-Sa9 or 

g (s — (4^ which admit of no abri^ment 

221. Let us consider some more examples of reduction ; the 
following will lead us immediately to an important truth. Sup- 
pose it were required to add together the expressions a + b and 
a.^b; our rule gives a+ft-f-a-^b; now tt4-a=:2a and 
ft —. 6 = ; the sum then is 2 a : consequently if we add together 
theaam of two numbers (a 4-4) and their difference (a«— ft,) 
we obtain the double of the greater of those two numbers. 

Ftarthw examples : 



3a — 2ft— c 
5b^6c + a 

4a+36 — 7c 



a^ — 2aaft + 2aftft 
— aaft-|-2aftft — 6^ 

a3 — 3aaft + 4aftft — ft^. 
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CHAPTER II. 

Of the Subtraction of Compound Quantities, 

Q22. If we wish nerety to rspresent subtraction^ wo incloso 
each expression within two parentheses, connecting, by the sign 
*— ^ the expression to ho subtracted with that {rem wliich it is to 
be taken* 

When we subtract, for example, the expression i-^e-i^J 
from the expression a — & + c, we write the remainder thus s 

(a— 6+c)— (d — e+/)j 
and this method of representing it sufficiently shews, wbich of tlie 
two expresmons is to be subtracted from the other. 

323. But if we wish to perform the subtraction, we roust 
observe, first, that when we subtract a positive quantity -f b 
from another quantity a, we obtain a— - b : and secondly, when 
we subtract a negative quantity — b from a, we obtain a + 6; 
because to free a person from a debt is the same as to give him 
something. 

£24. Suppose, now, it were required to subtract the expres- 
sion b — d from the expression a-^c, we first take away b; 
which gives a — c — J. Now this is taking too much away by 
the quantity d, since we had to subtract only fr-* d ; we must 
therefore restore the value of d^ and we shall then have 

a^^e-^b + d; 
whence it is evident, that the firms of the exfremon to be subiroet^ 
ed must have thdr signs changed, and be joinedf Tcith the contrary 
signs, to Ae terms of the ether expression. 

225. It is easy, therefore, by means of this rule, to perform 
subtraction, since we have only to write the expression from 
which we are to subtract, such as it is, and join the other to it 
without any change beside that of the signs. Thus, in the first 
example, where it was required to subtract the expression 
d — e+/from a — b+c, we obtain a-^b + c-^d + e — f. 

An example in numbers will render this still more clear. If 
we subtract 6 w. 2 -f-4 from 9 — 3 + 2, we evidently obtain 

9 — 3 + 2 — 6+2 — 4; 
for9 — S+S = 8} also,6— 2+4 = 8; now 8 — 8 = 0. 
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S£6. Siibtraetioii bdng therefore subject to no diflfculty, wo 
have only to remark, tbat^ if there are fovnd in the remainder 
two, or more terms which are entirely similar with regard to 
the letters, that remainder may be reduced to an abridged form^ 
by the same rules which we have given in addition. 

227. Suppose we have to subtract from a + ft, or from the sum 
•f two quantities, their difference a— «i, we shall then have 
a + b — a + h; now a^— a = 0, and fr + i=2fr ; theremaindec 
sought is therefore S b, that is to say* the double of the less of 
the two quantities. 

828. The following examples will supply the place of further 
illustrations. 



aa + ab + bb 
bb+ab'^^aa 



^aa. 



Sa — 4b + 5ca^ + Saab+dabb + b* 



26 + 4C — 6a 



9a — 6b + c, 



a^ — Snab-^Sal 



vr+2\/r 



6aab + 2b^. 



+ 5V6. 



CHAPTER ra. 

OfOie Mtdiiplicatum of Compound Quantities. 

229« Whbjt it is only required to repi-esent multiplication, 
we put each of the expressions, that are^to be multiplied together, 
within two parentheses, and join tliem to each other, sometimes 
without any sign, and sometimes placing the sign x between 
them. For example, to represent the product of the two expres- 
sions a — b + c and d — e+/, when multiplied together, we 
write. 

(a_6 + c)x(d-e+/0 

This method of expressing products is much used, because it 
immediately shews the factors of which they are composed. 

230. But to shew how multiplication is to be actually per- 
formed, we may remark, in the fii-st place, that in order to 
^multiply, for example, a quantity, such as a— 6 -fc, by 2, each 
term of it is separately multiplied by that number } so that the 
product is 

2a — 264-2C. 



Lr'V/L^crtiJLaitri 
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Now the same tting takes place with regard to all other 
nambers. If d were the namber, by which it is required ta 
multipij the same expression, we should obtain 
ai'^d + cd. 

251. We supposed d to be a positive number ; but if the factor 
were a negative number, as — e, the rule heretofore given must 
be applied ; namely, that two contrary signs, mvlti^ied together, 
produce — , and tfiat two like signs give +. 

We shall accordingly have 

— ae + he-^ce. 

S3S. To shew how a quantity^ A, is to be multiplied by a 
compound quantity, d^-^e ; let us first consider an example in 
common tiumbers, supposing that A is to be multiplied by 7 — 3« 
Now it is evident, tliat we are here required to take the quad- 
ruple of A ; for if we first take A seven times, it will then be 
necessary to subtract 3 A from that product* 

In general, therefore, if it be required to multiply by d — e, 
we multiply the' quantity A first by d and then by e, and subtract 
this last product from the fiiit ; whence results dA'-^eA. 

Suppose now j9 = a — « 6, and that this is the quantity to be 
multiplied by d -— e ; we shall have 

dA=iad — bd 
eA = ae-^h e 



whence the product required = a d — 6 d — ^ae+he. 

233. Since we know therefore the product (a-— 6) x (d — e,) 
and cannot doubt of its accuracy, we shall exhibit the same 
example of multiplication under the following form : 

a — 6 
d-— -e 

ad — hd'^ae + he. 

This shews, that we must multiply each term of the upper ear- 
pression by each term of the lower, and that, with regard to the 
signs, we' must strictly observe the rule before given ^^ rule 
wbich this would completely confirm, if it admitted of the least 
doubt. 

Eld. Alg. 9 
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234. It will be easy^ according to this rule^ to perform the 
following example^ which is, to multiply a + hhy 4i — ( .• 

a + h 
a — b 



aa + ab 
— ab—bb 

Product a a — 66. 

£35. Now we may substitute, for a and b, any determinate 
numbers ; so that the above example will furnish the following 
theorem ; viz. The product of the sum of two numbers, muUiplud 
by their difference^ is equal to the difference of the squares of those 
numbers. This theorem may be expressed thus : 
(a + 6) X (a — 6) = ao — 6 6. 

And from this, another theorem may be derived i namely, 
The difference of two square numbers is always a product, and 
divisible both by Hie sum and by the difference of the roots of those 
two squares. * 

236. Let us now perform some other examples : 

I.) 2 a — 3 
a + 2 



9,aa — 3a 

+ 4a_6 

Slaa + a*—*6. 



II.)4aa— 6a + 9 
2a +3 

8a^ — 12fla + 18 a 

+ 12aa — l8a+27 

8 a3 +27 
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in.) 5aa — 2ab — bb 

2a — 4b 



6o* — 4aab — 2 abb 

— l2aab + Sabb+4b^ 

ea^^^l6aab+6abb + 4b^ 



IV.) aa + 2ab + 2bb 
aa^^^ab + 2bb 

a* + Qa^b + Qaabb 
— 2o*ft — 4 a abb — 4ab^ 

+ Qaabb +4ab^ +4b* 



a^+4b\ 



y.) 2aa — Sab—4bb 
Saa-^2ab + bb 

6a* --9 a* 6 — fZaabb 

— 4 a' 6 + 6aabb+Sab^ 

+ 2aabb — Sab^ — 4 6* 

6a* — 13 a^ 6 — 4aabb+ 5ab^ — 4fc* 

VI.) aa + bb-j-cc — ab-^ac — 6c 
a+ b +c 

a^ +abb + ac,c — aab — aac — abc 

aab+b^ + 6cc^-^a66 — a6c— -66c 

aac+bbc + c^ — a6c — acc^-icc 

• ' f 4 ' ' 

— i^— ■ ' ■——>■— ■ 

a* — 3a6c + 6^ + c^. 

237. When we have more than two qrmntities to multiply to- 
getherjitwiU easily be understood that, after having multiplied 
two of them together, we must then multiply that product by one 
of those which remain, and so on^ It is indifferent what order is 
observed in these m^dtiplications. 
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Let it be proposed^ for example^ to fiid the value^ or prodict, 
of the four following factors^ vw» 

I. IL HI. IV. 

(a + b) (aa + ah + bb) (a — b) (aa — aft + b(). 
We will first multiply the fetors I. and II. 
11. aa + ab + bb 
h a+b 



a' +aab + abb 
+ aab + abb+b^ 



I. IL a^ +2aab + 2ubb + b^. 
Next let us multiply the factors IIL and lY. 
IV. aa — ab+bb 
IIL a — b 



a^ — aab + abb 
— aab+abb — J* 



IIL IV. o«— 2aa5 + £a66 — 6«. 
It remains now to multiply the first product I. IL by thib 
second product 111. IV. : 
a^ +2aab + ^abb + b^ I. II. 
o3_2aa6 + S«ft6 — 6» IIL IV. 



a* +2 o* ft + 2 a* 66+ a» 6« 

— go* b — 4 a* 6 6 — 4o* 6' — Qaab^ 

2a*66 + 4fl3t» +4flii6* +2a6« 

— a36»_aaa6*— 2a6«— 6« 
— _— ^ 

And this is the produpt required. 

238. Let us rei^ume tUe same examplaf hut change the order 
of it; first multiplying the factors L and IIL and then II. and 
IV. together. 

I. a + 6 
IIL a—b 



aa + ah 
—ab — bb 



I. ni. =:aa — bbp 









a^ +a*b + aabb 
—^a* fc-r- a a i b <— a 6> 

II. IV.=a* + aa66 + 6*. 
Then multiplying the two products L III. and II* lY. 
ILIV. =za^+aabb + b^ 
h lIL^aa^bi 



a« ^a^bb + aab^ 
— a* i — ao6*— fc* 

we have a* — *•, 
which is the product required. 

239. We shall perform this calculation in a still different 
manner^ first multiplying the VK factor by the lY^. and next 
the IP. by the IIP. 

IV. aa^ah + bb 
I. a+b 



a^ — aab +abb 

abb — abb + b^ 



LIV. = a»+6^ 



11. na + ab + bb 
IH» a — b 

a^ + aab + abb 
-^aa6 — abb — 5» 

IL III.=:03— ft«. 

It remains to multiply the product I. lY. and IL III. 
I.IY.=o«+6^ 
II.III.=o«— J« 



f «• 4- a* 6* 

|13J3 (ft 

and we stiU obtain a^ — b^p as before, 
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240. It will be proper to illustraste this eacample by a numeri- 
cal application. Let us make a =r 3 and ft =: 2^ we shall have 
a + b=5 and a — b = l; farther, aas=s9, ab = 6, bh=4. 
Therefore a o + a 6 + 66= 19» and aa — a 6 + 66= 7. So that 
the product required is that of 5 x 19 X 1 X 7, which is 665. 

Now a* =729, ai|d 6* = 64, consequently the product re- 
quired is a* — 6« = 665, as we have already seen. 



CHAPTER IV. 

Of the Divison of Compou/nd ^antitiesm 

141. When we wish simply to represent division^ we make 
use of the usual mark of fractions, which is, to write the de- 
nominator under the numerator, separating them by a line ; or 
to inclose eacli quantity between a parenthesis, placing two points 
between the divisor and dividend. If it were required, for 
example to divide a + 6 by c + d, we should represent the quo- 
tient thus — r— > 9 according to the former method ; and thus, 
c ■+ d 

(a + 6): (c + d) according to the latter. Each expression is 
read a+b divided by c + d. 

242. When it is required to divide a compound quantity by a 
simple one, we divide each term separately. For example ; 

6a — 86 + 4 c, divided by 2, gives 3 a — 4 6+ 2 c ; 
and (aa — 2a6) : (a) = a—^2b. 
In the same manner 

(a^ — 2ao6 + 3aa6):(a) = aa — 2a6 + 3a6; 

(4aa6 — 6aac + Sabc) : (2 a) = 2a 6 — Sac +4 6c; 

(9 a a 6 c — 12 a 6 6 c + 15 a 6 c c) : (3 a 6 c) = 5 a — 4 6 +5 c, &c. 

243. If it should hap])en that a term of the dividend is not 
divisible by the divisor, the quotent is represented by a fraction, 

as in tlie division of a +6 by a, which gives 1 + — . Likewise, 

(a a — ab + bb) : (aa) = l -f — % 

For the same reason, if we divide 2 a + 6 by 2, we obt^n 
a + — ; and here it may be remarked, that we may write — 6, 
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'^ • b 1 ' h 

instead of --, because - times & is equal to • In the same 

2 2 £ 

h 1 ^b Q 

manner -- is the same as - ft, and -- the same as - 6, &c. 
S 3,3 S 

£44. But \^hentlie' divisor is itself a compound quantity, 
division becomes more difficult. Sometimes it occurs where we 
least expect it ; but when it cannot be performed, we must con- 
tent ourselves with representing the quotient by a fraction, in 
the manner that we have already described. Let us begin by 
considering some cases, in which actual division succeeds. 

£45. Suppose it were required to divide the dividend a c — bt 
by the divisor a-^b^the quoUent must then be $uch as, when 
mnlHplied by the divisor a — b, will produce the dividend a c — b c. 
Now it ]s evident, that this quotient must inchide c, since with- 
out it we could not obtain ac. In order,- therefore, to try 
whether c is the whole quotient, we have only to multiply it by 
the divisor, and see if that multiplication produces the whole 
dividend, or only part of it. In the present case, if we multiply 
a~6 by c, we have a c — b c, which is exactly the dividend ; 
so that c is the whole quotient. * It is no less evidentf that 

(aa + ab'): (a + b^ = a; (Saa — 2a6) : (3a — 2 6) = fl; 
(6 a a — 9ab): (2 o -^ S 6) == 3 a, &c. 

246. TFe cannot fail, in this way, to find a part of the quotient; 
if^therefilfe, what we have found, when nmttiplied by the divisor^ 
does not yet exhaust the dividend, we have only to divide the 
remainder again by the divisor, in order to obtain a second part of 
the qtwtient; and to contihue the same method, until we have found 
the whole quotient* 

Let us, as an example, divide a a + ^ ab -^2 bb hy a + b; it is 
evident, in the first place, tliat the quotient will include the term 
a, since otherwise we should not obtain a a. • Now, from the 
multiplication of the divisor a + 6 by a, arises aa + ab; which 
quantity being subtracted from the dividend, leaves a remainder 
2ab + 2bb. This remainder must also be divided by a+b; and 
it is evident that the quotient of this division must contain the 
term 2 5. Now 2 &> multiplied by a + 6, produces exactly 2 a 6 + 
2 i6 ; consequently a + 2 6 is the quotient required ; which, mul- 



ra StAra. Sects. 

tiplied by the divisor a + h^ ought to prodace the dtvidend 
aa+^ah + ^lb. See the whole operation : 
a + b) a a + S aft -f-S i ft (a-f fi 6 
aa + ah 



0. 
247. TM» nferaiiM vriU be JacUiiated if we choose one i^ the 
Urms rfthe divisor to be wtiUen JirsU a^ ^Aen, in arraingi$ig the 
terms oj the dvoidend9 begin rcUh the highest powers of thatjirst 
term of the divisor. This tern in tlie preceding example was a ^ 
the following examines will render the operation more clear. 
a-«»)a»«-Saaft+3aft6— ft* (aa~3aft + tft 



.*.-...» 




— Zaab + Sabb 

— ^aab + aabb 


abb- 
abb. 





0. 



a + ft)aa — &ft(a — t 
ma +ab 



— ab^bb 
^ab-^bb 



18aa<— IZab 



12 ab-^Sbb 
IZab-^Sbb 









alb + b^ 
abb+b* 

0. 



86* — 4aab 



4aa6-*-6' 
4aab — 2abb 



Qabb—b^ 
Slabb—b* 



aa — 2ab +bb) a^ — 4a«6 + 6oa66 — 4a 6* +6* 
aa-^^ab +bb) a^ — 3 a* 6 + aa ft ft 

— 2a*6 + 5aa66^JLa6* 
*^" — 2a* ft + 4aa66 — 2a6* 

aabb-^^ab^ +6* 
aabb—Qab^ +6* 

0. 

«a — &ab+4bb)a^ +4aubb+ l€b\aa + 2ab + 4bb 
a^ — £a*fr-f4aaftft 



2 a* 6+ 16 6* ' 

2a« 6 — 4aaftft + 8a6» 

4aa66 — 8a6*+*l66* 
4aaft6 — 8a&* + 166* 
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r4 JIfcAnk e»GL9. 



%a*b — 4aabb+Aab^ 



^aaJfb—4ab^ +4fr« 
Staabb — 4ab^+4b^ 

0. 



1 — SX+SXX'^X*) I — ilx+xx 



— SX + 9XX — \0x^ 
^—Sx + Sxx — Sx^ 



Sxx — 7 x^ +5x* 
3^0? — 6a;* +3a?* 

— a* +2x* — x' 
-— x* + aa:* — a:* 

0. 



CHAPTER V. 

Of the Bet o luii i m rf FracHans into in/imte series. 

248« .Whjsn th9 diyidejid 19 Jiot divisible by tbe diyisqr^ tl^ 
quotient is eipressed^ as we have ulnady obserTed^ bjr n Irao 
tion* 

Thus^ if we have io divide 1 bj 1 ^— ir^^fe obtain the fraction 

. This> .'however, does not jivevent us from attempting the 

division, %ccording to the rules that have been given, and con- 
tinuing it as far as we please. We shall not fail to find the true 
quotient, though under different forms. 



349. TV> fMTQTe this^ kt ii8 Mtaallj 4ivide the divtftend 1 bjr 
the divisor 1 — a^ thus : 

l_a)l(l + f^; or, 1 — a) 1 (1 +o + i^^ 

1— a 1— a 

remainder a a 

a — aa 



remainder a a 
To find a greater number of forms, wc have only to continue 
dividing a a by 1— a; 

1 — fl) aa (a a + £^» tlien I —a) a» («« + 1^ 

g«^ 
and again 1 — a) a* {a^ + j:^ 

g^— g* 
' g», &C. 

250. This shews that the fraction y— ^ may be exhibited un- 
der all the following forms : 

III0l + « + «« + r^5 IV.)l+« + «a + g»+'^; 

Now, by considering the fij«t of these expressions, which is 
I ^ ■ ^. , and remembering that 1 is the same as j^;;;^* we 

have 

g l--g c _ l->-g^-g _ '1 

^+rir5""i— a 1— « i— « 1— *\ 

If we follow the same process with regard to the second 
expressbn 1 +a +^, that is to say, if we reAce the in- 



tegral part 1 + a to the same deRominator 1 -— a, we shall have 

1 — Art. r.»-i» jj. <** I. Ill I — iiii + aa 

-T , to which if we add + f we ehail have — ^ — — — , 

that is to aaj, -7 • 

In the third expression, 14-04-00 + , — —, the integers 

1 — tt 

1 —a* 

reduced to the denominator 1 — a make ; and if we 

I — a 

add to that the fi*action t 9 we have- : wherefore all 

1 — 1 — o ' 

these expressions are equal in value to , the proposed 

fraction. 

£5K This being the case, we may continue (he series as far 
as we please, without heing under the> necessity of performing 
' any more calculations. We.sliall therefore have 

1 a« 

■ =,1 +a + aa + a*+o*+a* +a* +a^ +TZr~ » 

or we might continue this further, and still go on without end. 
For this reason, it may he said, that the proposed fraction haa 
been resolved into an infinite series, which is 

to infinity. And there are sufficient grounds to maintain, that the 
value of this infinite series is the same as that of the fraction 

I 

252. What we have said may, at first, appear surprising; 
but the consideration of some particular cases will make it easily 
understood. 

Let us suppose, in the first place, a=l; our series will 

become 1 + 1 + 1 + 1 + 1 + 1 + 1, &c. The fraction r-^» 

1 — o 

to which it n»ist be equal, becomes -^. Now, wfe before remark- 
ed, that ^ ft a number infinitely great ; which is, therefore, 
here confirmed in a satisfactory manner. 
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But if we ssppofle «=> d, our defies becomes SSI4.S+44.8 

-f 16 + 32 + 64^ &c. to infinity, and its value must be ri^j^ 

that is to say, 3— r = — ^ ; which at first sight will appear ab- 
surd. But it must be remarked, that if we wish to stop at anj 
term of the above series, we cannot do so without joining the 
fi*action which remains. Suppose, for example, we were to stop 
at 64^ after having written 1 +2 + 4 + 8-f l6 + S2-f 64, we 

128 1S8 

must join the fraction ;-, or — r> or — 128 ; we shall 

therefore have 127 — 128, that is in fact — 1. ' 

Were we to continue the series without intermission, the frac- 
tion indeed would be no longer considered, but then the series 
would still go on. 

253. These are the considerations which are necessary, when 
we assume for a numbers greater than unity. But if we suppose 
a less than 1, the whole becomes more intelligible. 

For example, let a = | ^ we shall have 

1 1 1 « 

irhicb will be equal to the following series : 

I +i +i + l +tV +7^ + A +tIv &c. to infinity. 
Now, if we take only two terms of this series, we have .1 +|, 

and it wants |, that it may be equal to -— — = 2. If we take 

three terms, it wants i 5 for -the sum is If. If we take four 
terms we have 1|, and the deficiency is only |. We see, there- 
fore, that the more terms we take, the less the difference becomes, 
and that, consequently, if we continue on to infinity, there will 
be nodifierence at all between the sum of the series and 2, 

the value of the fraction . 

1 —ft 

254. Leta==|,*ourfractionY-^waibe = Y^ =J = IJ, 
wbich, reduced to an infinite series, becomes 

i+i+i+iV+A+T^Tt&c. 

and to which ^^ is consequently equal. 
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Wben we take two tenns^ vehwe 1.^ wi tbom vanta |. If 
we take three terms, we have 1{« apd there will still be wanting 
tV* Take four terms, we shall have 1||, and the difference is 
^^. Since the error, therefore, always becomes three times 
less, it must evidently vanish at last. 

255. Suppose a=| ; we shall have = ^ s 3, and 

the series 1+^ + ^ + ^^+:^*+ ^y,, &c. to infinity. Taking 
first 1$, the error is 1-| ; taking ttiree terms, wMch make :^|, 
the error is | ; taking four terms we have 2|^ ^nd tbe error 

IS ify. 

256» If a 3= |, the fraction is --— :5s — = l| ; and the se- 
ries becomes 1 + » + ^^ + A + ilr* *c* ^^ ^^^ •'^ *«'*ro«> 
making 1 + 1$ will give ^ for the error ; and takhig one «erm 
more, we have 1/y, that is to say, only an error tif ^V- 

257. In the same manner, we toay resolve the fraction , ■ , 

into an infinite series by actually dividing the niHaBrator 1 by 
the denominator 1 +a, as follows: 
l+o) 1 (1 — a + oa — a»+o* 
-. 1+a 

—41 



aa 



-a^ — II* 



^— a', &c. 
Whence it follows, that the fraction —r— is equal to the series, 

1 -f- o 
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258. If we make a=zl,me haye this remarkable compariAon : 

-i— = » = t — 1 + 1 — 1 + 1 — 1 + 1 — 1, &c. to infinity. 

This will appear rather contradictory ; for if we stop at — If 
the series give^ ; and if we finish by + 1, it gives 1. But this 
is precisely what solves the difficulty ; for since we must go on 
to infinity without stopping either at — 1, or at + 19 it is evi- 
dent that the sum can neither be nor 1, hut that this result 
must lie between these two, and therefore be = |, 

259. Let us now make a = |, and our fraction will be 

1 =79 which must therefore express the value of the series 

l—i + T — i+TV — TV + A»*c-to infinity. 
If we take 'only the two leading terms of this series, we have |f 
which is too small by |. If we take three terms, we have |, 
which is too much by f'^. If we take four terms> we have | 
which is too small by -^^9 &c. 

260. Suppose again a = ^ ; our fradion will be = ^ = |, 

and to this the series 1 — -I + 1 — tt + tt — ¥77 + ttt* &c* 
continued to infinity, must be equal. Now, by considering only 
two terms, we have |, which is too small by -^j. Threa terms 
make ^, which is too roucb by ^. Four terms make |ff M'hich 
is too small by ^^, atid so on. 

£61. The fraction — : — may also be resolved into an infinite 

1 + a ^ 

series another way ; namely^ by dividing 1 by a + 1, as follows : 



" x <iV; r :^. 



!tO Jf^OrtL beets. 

ii + 1) 1 ( + -+ -. 




1_ 



^ 4« — 
a a a* 



1^ 

a' 

1 



1 

Consequently^ our fraction , is equal to tlie infinite 

senes- — — + ^— ^-5 + -— ^,&c. Ut us makea = l, 

and we shall have the series 

— 1 + 1 — l + l — 1, &c, = |» as before. 
And if we suppose a = 2, we shall have the series 

I — i+i — tV+tV — TV&c-=i- 
£62., In the same manner, by resolving the general fraction 

c • 
— r-T into an infinite serns, we shall have. 
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j^ , c be bbe 4'c 



be 
a 
be bbc 
a aa 



bbc 

aa 

bbc ft>c 

au a^ 



b^ e 
■ a' 
ft» c ft* c 



fe*c 

Whence it appears, that we may compare , with the series 

« be bbc ft^Cp,.^.. fB 
1 —5 7-, &c. to innmtr. T^ 

Let o = 2, 6 = 4, c = 3, and we shall have 

— ^ = — ^ = » = 4 = 4 — 3 4-6 — IS. &4). 

Let a = 10, ft :;= 4, aud cc=: n^ a^d w^ have 

a + b ~ 10+1 ^ ^ ^ ^^ *^ "^^ "*■ "'^^^'^ "^ ttAjVit^ *W5* 
If we consider oY^y Qne^m of this series, we have 4^, which 

is too much by ^-^ ; if we take two terms, we have ^y^, which 

is too small by ^ ^^ ; if we take tjiree terms, we have \m, 

which is too much by t^Vts* ^^* 

263. When there are more than two terms in the divisor, we 

may also continue tlie division to infinity in the same manner. 

Thus, if the fraction — were proposed, the infinite 

X *^"" t* "^ a a 

series, to which it is equal, would be found as follows : 
EuL Mg. 11 



1 — a+aa)l (I +a— a' — a* +a« +a%«Mr. 

l^a + aa 



a — aa 
ii.-.aa + a' 



_a3 +|i4_^5 

III* I I I I ■! I 



fl7«.fl8+af 



We bare therefore the equation of 

^ = l+a — a' — a*+fl*+a^ — fl* — a**^ &c. 

l-^a + aa 

Here, if we make,a= 1, we have 

1 = 1 + 1 — 1 — 1 + 1 + 1 — 1 — 1 + 1+ l»&c. 
which M^ies contains twice the series found above 

^ 1_1 + 1_1 + 1, &c. 

Now, as we have found tbis=|, it is not^astonishing that we should 
find |, or 1, for the value of that which we have just determined. 
Make a = |f ^^ ^^ ^^^1 ^^^ ^^^^ ^^^ equation 

i = |=l+|-l-TV + TV+TiT — TTT^&C- 

Suppose a = ^, we shall have the equation 

If we take the four leading terms of this series^ we have ^V, 
which is only -j^f less than |. 

Suppose again a =s= |, we shall have 

This series must therefore be equal to the preceding one ^ and 
subtracting one from the other, | — /y — if + Vt* ^^^^ ^^ = ^• 
These four terms added together make — /y- 



■^ 
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264. The method, which we have explained^ serves to resolve^ 
generally, all fractions into infinite series ; and, therefore, it is 
often found to be of the greatest utility. Further, it is remark- 
able, that an infinite series, tlwugh it neroer ceases^ may have a de- 
termiiiate value. It may be added, . that from this branch of 
mathematics inventions of the utmost importance have been de- 
rived, on which account the subject deserves to be studied with 
the greatest attention. 



CHAPTER VI. 

.i^, Qf if^ Squares of Compound ^antities. 

Q65. When it is required to find the square of a compound 
quantity, we have only to multiply it by itself^ and the product 
will be the square required. 

For example, the square of a + & is found in the following 
manner : 

a + b 
a + h 



aa + ab Jk 

ab + bh ^ 

aa + 2ab + bb. 

Q66. So that, when the root consists of two terms added together, 
zsa + b, the square comprehends, Ist, the square of each term, 
namely, a a and bb; 2dly, twice the product of the two terms, name- 
ly, 2ab. So that tlie sum a a + 2 ab +b b is the square of a +b» 
Let, for example, a = 10 and 6 = 3, that is to say, let it be requir- 
ed to find the square of 13, we shall have 100+60 +9, or 169. 

Q67. tVe may easily find, by means of this foi'mula,' the 
squares of numbers, however great, if we divide them into two 
parts. To find, for example, the square of 57, we consider that 
this number, is = 50 + 7 j whence we conclude that its square is 
= 2500 + 700 + 49 = 3249. • 

£68. Hence it is evident, that the square of a + 1 will be 
aa + 2a + l: now since the square of a is a a, we find the square 



/ 






a + 1 by adding to that 2 a -f 1 ; and it must be observed^ that 
this fi a + 1 is the sinn of the two roots a and a + 1. 

ThttB, as the square of 10 is 100, that of 1 1 will be 100 + Si. 
The square of 57 being 3249, that of 58 is 3249 + 115 = 3364. 
The square of 59 =± 3364 + 117 = 3481 j the square of 
60 = 3481 +119 = 3600, &c. 
^69. The square of a compound quantity, as a +&, is repre- 
sented in this manner : (a + 6)*. We have then 

(fi + hy =aa + 2aft + 669 
whence we deduce the following equations : 

(a + l)»=aa + 2& + l5 (a + 2)» =oa + 4a + 45 

(a + S)»=ao + 6o + 9; (fl + 4)* =fla + 8a+ 16; &C. 

276. If the roatisB, — b, the sgtuire of if uaa — Sab + bb, 

which contains also the squares ^ the two termSf but in such a 

manner that we must take from lAdr sum twice the product of those 

two terms. 

Let, for example, a « 10 and fts -— 1, the square of 9 will be 
found =s 100 — 20 + 1 = SI. 

271. Since we have the equation (^a-^byszaa — 2ab + i&, we 
shall have (a — l)*=aa — 2a4.1. Thesquareofsi — lisfaund^ 
therefore, by mhtraefing frem ^Sithe sum of the two roots a and 
a — 1, mamdiff ^ a — I. Let, for example, a = 50, we have 
a a = 2500, and o— 1 = 49 : then 49» = 2500 — 99 = 240K 

272. What we have said may be also confirmed and illustrated 
by fractions. For if we take as the root | + 1 (which make 1) 
the squares will be : 

A + A + if = n»thati8l, 
Further, the square of | — | (or of J) will be 

273. When the root consists of a greater number of terms, 
the method of determining the square is the same. Let us iind, 
for example, the square qfsL -f b -f- c. 

a + b + c 
a + b + e 



aa + ab + ac +bc 

ab + ac + bb + bc + cc 

*^i— ■ ■■■ ■■ J l ■■! I I 

au +2 ab + Qac-^bb-i-Qbc+te. 
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We see that it includes, firsU the square of each term of the root, 
and beside that, the dmAle products of those terms multiplied two by 
two, 

274. To illustrate this by an example, let us divide the num- 
ber £56 into three parts, 200 ^ 50 -f 6 ; its square will then be 
composed of the following parts : 

40000 256 

2500 9,56 

36 

£0000 15?6 

£400 1280 

600 • 512 



65536 65536 

which is evidently equal to the product of 256 x 256. 

275. When some terms of the root are negattoe, the square is 
stUl found by the saine nde ; but we must take care what signs we 
pr^x to the double products. Thus, the square of a — • 6— c be* 
ing aa + bb + cc — Qab — 2ac + 2bc, if we represent the 
number 256 by 300 — 40 — « 4, we shall have. 

Positive Parts. Negative Parts. 

V ^ 1 y ^ ; 

+ 90000 —24000 

1600 — 2400 

320 - , 

16 —26400 



+ 91936 
— 26400 



65536^ the square of 256, as before* 



1 

4 
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CHAPTER VII. 

Of the Extrattian of Boots applied to Compound quantities. 

276. In order to give a certain rule for this operation, we 
must consider attentively the square of the root a + b, which is 
aa + £a& + 665 that we may reciprocally find the root of a 
given square. 

277. We must consider therefore, first, that as the square 
aa + 2ah + hb is composed of several terms, it is certain that the 
root also will comprise more than one term ; and that if we 
write the square, in such a manner that the powers of one of the 
letters, as a, may go on continually diminishing, the first term 
will be the square of the first term of the root. And since, in 
the present case, the first term of the square is a a, it is certain 
that the first term of the root is a. 

278. Having, therefore, found the first term of the root, that 
is to say a, we must consider the rest of the square, namely, 
2 a 5 + 6 6, to see if we can derive from it the second part of the 
rtet, which is b. Now this remainder 2ab + bb may be repre- 
sented hy the product, (2 a + 6) 6. "Wherefore the remainder 
having two factors, 2a + b and 6, it is evident that we shall find 
the latter, 6, which is the second part of the root, by dividing 
Ihe remainder 2ab +bbhj 2a + b. 

279. So that the quotient, arising from the division of the 
above remainder by 3 a + 6, is the second term of the root re- 
quired. Now, in this division we observe, tliat 2 a is the double 
of the first term a, which is already determined. So that 
although the second term is yet unknown, and it is necessary, 
for the present, to leave its place empty, we may nevertheless 
attempt the division, since in it we attend only to the first term 
2 0* But as soon as the quotient is found, which is here ft, we 
must put it in the empty place, and thus render the division 
complete. 

280. The calculation, therefore, by which we find the root of 
the square aa + Qab^^bb, may be represented thus : 






^ . r.^' 



% * > ^^-'-^ 4^^ ' ^^ *m 



aa 



2a + 6)2o6 + 66 
2ab+hb 



0. 
28U We may, in the same inannery find the square root of 
other compound quantities, provided they are squares^ ^as the 
following examples will shew, 

aa + 6ab+9bb(a + Sb 
aa 



Za + 3b)6ab+9bb 
6ab + 9bb 



4aa^^4ab + bb(2a — b 
4aa 



4o — 6) — 4ab + bb 
— 4a6+6ft 



0. 



9pp + 24pq + 16qq(Sp+4q 

Spp , 



6p + 4q)Q4pq+16qq 
24pg + 16gg 



0. 



25 XX — 60 a? + 36 (5 a? ~ 6 

25 XX 



lOop — 6) — 60a: + 86 
~ 60 x + 36 

0. 



Hk 
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282. When thero is a remainder alter (be ditision, it is a 
proof that the root is composed of more than two terms. Wc 
then consider the two terms already found as forming the first 
part, and endeavour to derive the other from the remainder, in 
the same manner as we found the second term of the root. The 
following examples will render this operation more clear. 

aa 

2a+ft) 2aft — 2ac— 26c+ft* + cc 
2oft +bb 



2a + 2& — c) — ^ac>--Stbc + cc 
_2ac — 2ic + cc 



0. 






3aa+o) 2a3+3fla 
2a«+ a a 



2aa+2o + l)Saa+2a + l 
2ao+2a+l 



a* 4a»* + 8a6* +4** (a(i — 2a>-- 2ji 



2aa— 2a*) — 4a^b + %ab^ +4b* 
— 4a^ b + 4aabb 

2aa— 4a6 — 266) — 4«^a66 + 8^M +46* 
— 4aa66 + 8a6»+46* 

0, 
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fl«^6fl«ft+15a*&6— 20a«6» + I5aa5*— 6aft»+*^ 
a' (a'^->«3aai + 3aii-^(^ 

2a»— Sao6) — 6 a» 6 + 15 o* 6 6 
~6a'6+ 9o*66 



Sa3— 6aa6 + 3a65)6a*56 — 20a»6«+15oaft^ 



2a»--6aa6 + 6ai6 — J») — 2a»6» + 6aa6*— 6a*» +6« 

— 2a«63+6aa6* — 6aJ»+J« 

0- 
283. We easUy deduce from the rule which we have explain- 
ed^ the method which is taught in books of arithmetic for th« 
extraction of the square root Some examples in numbers : 



529 (23 


1764 
16 


(42 2304 (48 
16 


43) 129 

129 


82) 164 
164 


88) 704 
704 


0, 


0. 


0. 


4096 (64 
36 




9604 (98 
81 


124) 496 
496 




188) 1504 
1504 


0. 




0. 


15625 (125 

1 




998b01 (999 
81 








22) 56 
44 




160) 1880 
1701 


245) 1225 
1225 




1989) 17901 
17901 



Bid. Jig. IS 
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384* But when there is a Femainder after the whole operatioiii 
it is A p^of that the number proposed is not a sqaare^ and con- 
sequently that its root cannot ba aflsigned* In each cases^ the 
radical sign, which we before employ ed^ is made ufte of. It k 
written before the quantity^ and the quantity itself is placed 
between paretltnesed^ or under a line. Thusi (he square root of 
o a + 6 6 is represented by ^(aa+bbxor by Voo+ftT; and VCI— arx), 
or s/i^xx^ expresses the square root of 1 — xx* Initead of 

thie fadieal ^iga^ we may use the fractional eKpoiieiil; ^y and 

1 
represent the square root o(aa+bb, for instance, by (a a +sb by, 

or by a«+60 • 
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or ^^^ calctUatitm tf Irrathtud QwmtUies. 

^85. WaEN it is required to add together two or more irra- 
tional qnanlitiesy this is done^ according to the method be/ore 
laid down, by writing all the terms in succession, each with its 
proper sign. And with regard to abbreviation^ we must remaric 
that insUad rf V** + ViT ^ example, W€ wriU a V«l <>**^ that 
y'^T — \^r = 0, because these two terms destroy one another. 
Thus, the quantities S + ^^T and l+\^T, added together, make 
4 + 2^/2" or 4+V81 the sum of S + yfand 4 — vs" is 9 5 
and that of 2 vS" + 3 %/¥ and yj — V2 is 3 \/T -^ 2 viT 

286. Subtraction also is very easy, since we have only to add 
the proposed nfiffibers, changing first their sigfid : the followring 
example will shetv this : let us subtract the lower number from 
the upper. 

4 — V'2" + 2V3"— 3v'2' + 4 Ve" 

i+2vr— 2vF— 5vr+6vr 

3 — 3^2" + 4 vr + 2 V^"— 2 ve" 

287. In multiplication wo must recollect that v^ miiOtpIurd 
by \/Z produces a ^ and that if the nunibers whkihfMort the sign 
s/ are different, as a and b, we have viTb for the product tf \/r 
multiplied by vC After this it will be easy to perform the fol- 
lowing examples: 
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+ Vr+« —4^/2—4 

l + fivr + SKS + J^Vi" 5 — 4=4 

288» What we have said applies also to iiMgivarji^ quantities I 

we shall only observe further, that v^^ wMiplied by ^ZIT pro- 

dtices — a. ' 

If it were required to find the cube of — 1 + \/^^ we 

should take the square of that numbei^, and then multiply that 

square by the same number : see the operation : 





-.3 


• 


I— 2V-3 


^3 


— 1+ V-3 




2 + i2v_a 



2 + 6 = 8. 
£89. In the division of surds, we karoe mdy to express the pro- 
posed quantities in the form of a fraction ; this may be then change 
e^nto oauother eoopression having a rational denominator. For if 
the denominator be a + \/b^ for example, and we multiply both 
H and the aunerator by ii--> v^ the new denominatoy will be 
a a -— &, in which there is no radical sign. Let it be proposed 

to divide 3 +2 yr by 1 + vF; we shall first have f "*" ^ ^1 > 

Multiplying now the two terms of the fraction by I — V27 wf 
shall have for the nnm^tor : ^ 



i^ 
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3 + 2^5" 
1— va" 



S + 2V2 
— 3V2" — 4 



and for the denominator : 

1 — V2 



1+V2 
— V^2 —2 

1 — 2 = — 1 

Our new fraction therefore is — ^^ "" — j and if we again 

multiply the two terms by — • 1» we shall have for the numerator* 
x/F + h and for the denominator + 1. Now it is easy to shew 

that -v/F + 1 is equal to the proposed fraction --^t — ^L_. . for 

\/2' + 1 being multiplied by the divisor 1 + y^ ^^^^f 

1+V2" 
1+V2" 

+ V2 +2 



we have 1+2 vF +2=3 + 2 yT 
Another example: 8 — ays' divided by 3—2^2* maStes 

i — ^y/^* Multiplying the two terms of this fraction by 

3 + 2 ^57 we have for the numerator^ 
« — 5^2" 
3 + 2 vF 

24— 16V2" 

+ 16^2" — 20 



24 + V2 — 20 = 4+vr; 

and for the denominator^ 
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3 — 2 V2" 
3 + 2 V2" 



9 — 6V2" 
+ 6 vF — 8 

,9 — 8 = + U 
CoTusequently ilie quotient will be 4 + viT The truth of this 
may be proved In the following manner : 

4+ v£ ' 
3 — 2y^2 



12 + 3V2 
— 8V2"— 4 



12— 5V2" — 4 = 8— Sv^a" 
£90. In the same manner, we may transform such fractions 
Into others, that have rational denominators. If we have, for 

example, the fraction - — ^ — -=-, and multiply its numerator and 

denominator by 5 -|- 2 y^ ^® transform it into this 

5 + 2^/6" 



1 



= 5+2 V6. 



In like manner, the fraction , , ^ assumes this form, 

2 + 2 v'^^^ 1 + V"^^ 



— 4 — £ 

And becomes = — ^^ ^ =11 + 2 yso. 

291. Ff&en <Ae denominator contains several terms, we may in 
the same manner make the radical signs in it vanish one by one. 

Let the fraction -7= ;= 7= be proposed : we first mul- 

%/io— v'a — \/3 *^ % 

tiply these terms by vio + Vs" + VsT and obtain the fraction 
^^^ o T^ > Thfm multiplying its numerator and deiiom- 
inator by 5 + 2 V^ we have 5 yio + 11 V^" + 9 VS" + 2 y^eo. 
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CHAPTER IX. 

Of CubeSfOnd the Extradian^ Cube Boots. 

£92. To find tk^fth ^ a roo^ a + b, we only multiply its 
9qjd9reaa + 2ah + bbtLgSLinhj a + hfthuB, 

aa + 2ab+bb '^ 

a + b , 

a' +2aab + abb 

aab + 2abb + b^ 



and the cube will be =za* +Saab + Sabb + b*. 

It contains, theretore, the cubes of the two parts of the root, and 
beside that^ Saab + SabbfA quantity equal io(Sab) x (a + b); 
that is, the triple product of the two partSf a and h, mutUplted by 
their sunu 

203. So that whenever a root is composed of two termsy it is 
easy to find its cube by this rule. For example^ the number 
5 = 3+2; its cube is therefore 27 + 8 + 18 x 5 s 125* ' 

Let 7 + 3 = 10 be the root ; the cube will be 
^ 343 + 27 + 63x10 = 1000. . 

To find the cube of 36, let us suppose the root 36 = 30 +6^. 
and we have for the power required, 

27000 + 216 + 540 X 36 = 46656. 

294. But if, on the other hand, the cube be given, namely, 
a^ + 6aab + Sabb + b^, and it be required to find its root^ we 
must premise the following remarks : 

First, when the cube is arranged according to the powers of 
ane letter, we easily knrm by the first term a^, the first term a 
of the root, since the cube of it is a' | if, therefore, we subtract 
that cube from the cube proposed, we obtain the reaMkiider, 
Baab + Sabb +b^, which must furnish the second term of the 
root 

295. But as we already know fliat tke second term is + 5, 
we have principally to discover how it may be derived from flie 
above remainder. Now that remainder may be expressed by 
two factors^ s^(Saa + Sab + bb)x{b); if, therefore^ we divide 
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by daa + da6+&(^ we obtain the secandpartof iheroot +69 
which is required. 

£96. But as this second term is supposed to be unknown^ the 
divisor also is unkhown ; neiy^rtheless we have the first term of 
that divisor, which is sufficient ; for it is S a a^ that is, thrice the 
square of the first term already found ; liUby means of this, it 
is not difficult to find also the other part, b, and then to complete 
the divisor befoA we perform the division. For this purpose^ 
it will be necessary to join to 3 o a tlirice the product of the two 
terms, or 3 o 6, and b b, or the square of the second term of the root. 

£97. Let us apply what we have said to two examples of other 
given cubes, 

I. a^ +l£aa + 48a + 64(a-f 4 

a* 



3aa + l£a^l6) 1£ a a + 48 a + 64 
l£aa+48a + 64 



0. 



II. 



fl« — .6a« + ISa-*— £0a' + 15a»— 6^ + 1 
*• (aa-^Qa + l 



3a«~6a' +4a«) -^6a^ + 15a«^S0a» 
— 6a« + lfifl*~8a^ 



Sa*— l£fl« + l2aa+3a»--.6a+l)Sa*~l2a» + 15aa — 6a + l 

3a*— 12aJ + 15ao — 6fl + l 

0. —- — 
898. The analysis which we hare given is the foundation of 
tbe common rule for the extraction of the cube root in numbers. 
An example of the operation in the nnmber £197 : 

£197 (10 + 3 = 13 
1000 

300 1197 
90 
9 

399 llr97 

0. 
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Let U8 also extract the cube root of S4965789 : 

34965785 (300+20 + 7' 
2700(W)00 



Sect. 2. 



270000 

18000 

400 


7^§^SB 


288400 


5768000 


307200 

6720 

49 


2197783 


313969 


2197783 



0. 



CHAPTER X. 

Of (he higher Powers of Compound Quantities. 

299. AfTEB squares and cubes come higher powers, or 
powers of greater number of degrees. They are represented 
by exponents in the manner which we before explained : we 
haye only to remember, when the root is compound, to inclose 
it in a parenthesis. Thus (a + by means that a + fr is raised 
to the fifth degree, and (a — ft) ^ represents the sixth power of 
a— 6. We shall in this chapter explain the nature of these 
.powers. 

300. Let a + b be the root, or the first power, and the higher 
powers will be found by multiplication in the following manner : 
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ia + b)\ 


a + fr 


ia+by. 


a* +ab 
+ ab+bb 

= a> + 2a6 + 66 
a +b 

a^ 4- ^ab + abb 

+ ixaft + 2fl66 + 6« 

= a^ + Saab + Sabb + 6» 
a +b 




a^ + Sa^b + Saabb + ab^ 

+ a'6 + 3aa66 + 3a6» + 6* 


(«+6)l= 


= a* + 40^6 + 6aa66 + 4o6» + 6* 
a +b 




a' + 4aH + 6aHb + 4aab^ + a6* 

+ a*b + 4aHb + 6ao6s + 4a6* + 6* 


(a+by. 


= fl« + 5a^6 + 10a366 + lOaub^ + Sad-* + 6^ 
a +b 




a« + 5a*6 + lOa^bb + loa^b^ + 5aab^ + ab^, 

+ an + 5am + lOaH^ + lOaab* + Sab^ + b^ 



{fi+by « a« + 6an + 15a*66 + 20o«63 + isiaft* ^ Q^b' + b^ 
301. The powers of the root a ~6 are found in the same 

manner, and we shall immediately perceive that they do not 

differ from the preceding, excepting that the 2d, 4th, 6th, &c. 

terms are affected by the sign minus ; 
Eul.Sg. 13 
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(o. 


-by 
-hy 
-by 
-by 


a- 


-b 
-b 


b» 




' 


aa 


— b 




(«- 


=a* 
a 


— 'iab+bb 

— b 






o» 


— !iaab + abb 

— aab + adbb — 




(a- 


a 


— Sauo + 3abb — 

— 6 






a* 


— So»* + 3a«M_ 

— a*b + 3aabb — 


.3o4»+ft* 




(«- 


a 


— 4a*b-^6aabb- 
— ft . 


-4a6» + 6* 






o» 


— a*b+4a»bb- 


-4aab* +ab* 
-6oa6»+4aft* — »* 




(«- 


a 


— 5a*b + 10a'bb. 

— b 


— iOaab* + ^ab* — 


6* 




a* 


— 0*6+ 5a*bb 


— lOa'ft* + 5«o6*- 

— tOa»6» + lOaoA* - 


— o6» 



Here we sec that all the odd powers of b have the sign — , 
while the even powers retain the sign +. The reason of this is 
evident ; for since — & is a term of the root, the powers of that 
Jrfter will ascend in the following series, — &, -f. M, — 1*> + i*f 
— 6', + a*, &r. wiiich clearly shews that the even powers must 
bo affected by the sign +, and the odd ones by the contrary 
sign — . 
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S0£, An important question occurs in this place ; namely, how 
ve may find^ without being obliged always to perform tlie same 
calculation, all the powers either of a -f 6, or a — h. 

We must remark, in the first place, that if we can assign ail 
the powers of a + 6, those of a-^ & are also found, since ^e 
have only to change the signs of the even terms, that is to say, 
of the second, the fourth, the sixth, &c. The business then is 
to establish a ride, by which any power of a + b, however high, 
may be determined wiUiout the necessity f^ cakulaiing all the pre^ 
ceding oties. ' 

303. Now, if from the powers which we have already deter- 
mined we take away the numbers that precede each term, which 
are called the coefficients, we observe in all the terms a singular 
order ; Jirst, we see the first term ^ of the root raised to the pov^er 
which is required ; in the following terms the powers of a diminish 
eontinaUy by tndty^ and the powers of b increase in the same 
proportion ; so that the sum of the ea^onenf« of a and of b is 
always the same, and always equal to tlie earponent of the power 
required ; and, lastty^ we find the term b by itself raised to the 
same power. If, therefore, the tenth power of a + b were 
required, we are certain that the terms, without their coeflScients 
would succeed each other in the following order ; a^^, a'b, a^b^, 
a^b\ a«6S a«6«, a*6«, a^b\aH^,ab\bi\ 

304. It remains, therefore, to shew how we are to determine 
the coefficients which belong to those terms, or the numbers by 
which they are to be multiplied. Now, with respect to the first 
termf its coefficient is always unity ; and with regard to the 
secondf its coefficient is constantly the exponent of the power f but 
with regard to the other terms, it is not so easy to observe any 
order in their coefficients. However, if we continue those coeffi- 
cients, we shall not fail to discover a law, hj which we maj 
advance as far as we please. This the following table will shew. 
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Powers. ' Coefficients* 

L 1, 1 

11. 1, 2, 1 

III. 1^ 3, d, 1 

IV. 1, 4, 6, 4, 1 
V. 1,5,10,10,5,1 

VI. 1, 6, 15, 20, 15, 6, I 

VII. 1, r, 21, S5, 35, 21, 7, 1 

VIII. 1, 8, 28, 56, rO, 56, 28, 8, 1 

IX. 1, 9, 36, 84, 126, 126, 84, 36, 9, 1 

X. 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1, &c. 
We see then, that the tenth power of a + b^vill be a** + 
10a»* +45a«6 6 + 120a''6« + 210fl«M + 252a'J« +210o*6« + 
120a36^ +45aafc« +10aft» +6*«. 

305. Jfith regard to the coefflcientSf it must he observed, thai for 
each power their sum must be equal to the number 2 raised to the 
same power. Let a=l and 6=1, each term, without the 
coefficients, will be =r 1 ; conseqa^tly, the value of the power 
will be simply the sum of the cocffficients ; this sum, in the pre- 
ceding example, is 1024, and accordingly 

(1 + 1)10 = 21^ = 1024. 
It is the same with respect to other powers; we have for the 
I. 1 +1=2 = 2S 
II. l+2 + l = 4 = 2«, 
IIL 1 + 3+3 + 1 = 8=2% 
IV. 1+4 + 6+4 + 1=16 = 2*, 
V. 1+5+10+10 + 5 + 1=32 = 2' 
VI. l+6 + 15 + 20 + 15+6 + l=64 = 2« 
VII. 1+r +21 + 35 + 35+21+r + l = 128 = 2^, &C. 

306. Another necessary remark, with regard to the coeffi- 
cients, is, that they increase from the beginning to the middle, 
and then decrease in the same order. In the even powers, the 
greatest coefficient is exactly in the middle ; but in the odd 
powers, two coefficients, equal and greater than the others, are 
found in the middle, belonging to the mean terms. 

The order of the coefficients deserves particular attention ; 
for it is in this order that we discover the means of determining 
them for any power whatever, without calculating all the pre- 
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ceding powers. We shall explain this method^ reserving the 
demonstration however for the next chapter. 

307. In order to Jind the coeffidents of any power propttsed, the 
seventhf for example, let us write the fMotvingJractionSf one after 
the other ; 

7 6 f 4 3 S 1 

T> ¥♦ *♦ ir» T» T> y 

In this arrangement we perceirve that the numerators begin by the 

exponent of the power required, and that they diminish successively 
by unity ; while the denominators folUnv in the natural order of the 
numbers, 1, ^,3, 4, ^c. J^ow, the first coefficient being always ), 
the first fraction gives the second coefficient. The product of the 
two first fractions, multiplied together, represents the third coeffident. 
The product of the three first fractions represents the fourth coeffi^ 
dent, and so on. 

So that the first coefficient = 1 ; the second = ^ = 7 ; the 
third = :^ X I = 21 ; the fourth = i x | x | = ?5 ; the fifth 
= ^ X f X I X i = 35 ; the sixth =|x|x4xiX| = 21; 
the seventh =21x1=7; the eighth = 7 x ^ = !• 

308. So that we have, for the second power, the two fractions 
^9 1 ; whence it follows, that the first coefficients 1 ; the second 
= I =s 2 ; and the third = 2 x | = 1. 

The. third power furnishes the fractions y> |, -J ; wherefore 
the first coefficient = 1 ; the second = 4 = ^ > ^^^ ^^»**d 
= 3 X I =» 3 ; the fourth =; 4 x | X | = 1. 

We have for the fourth power, the fractions ^, |, |, 1 ; con- 
sequently the first coefficients 1 j the second 4 = 4 ; the third 
4 X I = 6 ; the fourth 4 X | X | = 4 ; and the fifth 4 x | X | 
Xi=l. 

309. This rule evidently renders it unnecessary for us to find 
the preceding coefficients, and enables us to discover imme- 
diately the coefficients which belong to any power. Thus, for 
the tenth power, we write the fractions y*, «, |, J, |, |, 4, 4, |^ 
-Jjj-, by means of which we find 

the first coefficient = 1, 

the second = ^J* = 10, 

the third = 10 x | = 45, /^* 

the fourth = 45 X | = 120, 

the fifth =120xJ=210, 
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thesiitli ss210x|ss2y3, 

the seventh ss 252 X f =s: ^tO^ 

the eighth = 210 x ^ == IfiO, 

the ninth =: ISO x { » 45, 

the tenth = 45x^—^0, 

the eleventh 2 10 x^V=^ ^* 

310, We may alcKi write these fractions as they are, witfaoat 
eompottng: their value ; and in this way it is easy to express 
any power of a + h^ however high. Thus, the hundredth power 

of a + b will be (a + S)^^^ =a*<>«+ »f« xti'*6+ -^^ 

^" ^ 1X2X3 » " + 1X2X3X4 " " T"' 

&c.. whence the law of the succeeding terms may be easSy 
deduced. 



CHAPTER XI. 

Of the TranspoMon of the Letters^ on which the demonstration of 
the preceding rule is founded. 

Sll. If we trace back the orij^in of the coefficients which we 
have been considering, we shall find, that each term is. presented, 
as many times as it is possible to transpose the letters, of which 
that term consists ; or, to express the same thing differently, 
t)ie coefficient of each term is equal to the number of transposi- 
tions that the letters admit, of which that term is composed. In 
tlie second power, for example, the term a ft is taken twice, tliat 
is to say, its coefficient is 2 ; and in fact we may change the 
order of the letters which compose that term twice, since we 
may write a 5 and ha; the term a a, on the contrary, is fonnd 
only once, becanse the order of the letters can undergo no 
change, or transposition. In the third power of a -f ft, the 
term a ab may be written in three different ways, o a 6, a 6 a, 
h aa ; thus tiie coefficient is 3. Likewise, in the fourth power, the 
term a^b or a aabf admits of four different arrangements, a a abf 
aabttf aba Of baa a; therefore its coefficient is 4. The term 
a abb admits of six transpositions, aabbf abbOf baba^ abab^ 
bbaa, baab, atid its coefficient is 6. It is the same in all cases* 



■1. 
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812. In factf if we consider that the fourth power» for example^ 
of any root consisting of more than two terms, as (a + 1 + c + d)*f 
is found by multiplying the four factors, I. a -i-b + c + d; 
Ih a + b + c+di III. a + b + c + d; IV. a + ft + c + d ; wo 
me may easily see, that each letter of the first factor must be 
multiplied by each letter of the second, then by each letter of 
the third, and, lastly, by each letter of the fourth. 

Each term must thei*efore not only be composed of four letters, 
but also present itself, or enter into the sum, as many times as 
those letters can be differently arranged with respect to each 
other, whence arises its coefficient. 

313. It is therefore of great Importance to know, in how 
many different ways a given number of letters may be arranged. 
And, in this inquiry, we must particularly consider^ whether 
the letters in question are the same, or difierent. When they 
are the same, there can be no transposition of them, and for this 
reason the simple powers, as a*9a^fa^, &c., have all unity for 
the c«>efficient. 

314. Let us first suppose all the letters different ; and begin- 
ing with the simplest case of two letters, or a ft, we immedi- 
ately discover that two transpositions may take place, namely, 
uh and ha. 

If we have three letters aft e, to eonsider, we <rfiserve that 
each of the three may take the first place, while the two others 
will admit of two transpositions. For if a is the first letter, we 
have two arrangements, ahCfOcb; if ft is in the first [dace, ws 
have the arrangements baCfbca ; lastly, if c occupies the first 
place, we have also two arrangements, namely, cab^ cba. And 
consequently the whole number of arrangements is 3 x 2 == 6. 

If there are four letters, a 6 c d, each may occupy tht first place; 
an<l in each case the three others may form six different ar- 
range^nents, as we have just seen. The whde number of 
transpositions is therefore 4x6=24 = 4x3X2x1. 

If there are five letters, abed e, each of the five must be ths 
first, and the four others will admit of twenty-four transpo- 
sitions ; so that the whole number of transpositions will bs 
5 X 24 = 120 = 5 X 4 >< 3 X 2 X 1. 

315. Consequently, however great the number of letters may 
be, it is evident, provided they are all different^ that we may 
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easily determine the number of transpositions, and that we may 

make use of the following table : 

Number of Letters. Number of Transpositions* 

^ ^ / y , 1 

I. 1 = u 

II. ax 1 = 2. 

III. 3X2X1 = 6. 

IV. 4 X S X 2 X 1 = 24. 
V. 5X4X3X2X1 = 120. 

VI. 6X5X4X3X2X1 = 720. 

VII. rx6x5x4x3x2xl = 5040. 

VIII. 8X7X6X5X4X3X2X 1 =40320. 

IX. 9X8xrx6x5X4x3x2xl = 362880. 
X. 10 X9x8xrx6x5x4X 3X2X1 = 3628800. 

316. But, as we have intimated, the numbers in this table 
can be made use of only When all the letters are different ; for 
if two or more of them are alike, the number of transpositions 
becomes much less ; and if air the letters are the same, we have 
only one arrangement. We shall now see how the numbers in 
Ihe table are to be diminished, according tp the number of letters 
that are alike. 

317. When two letters are given, and those letters are the 
same, the two arrangements are reduced to one, and conse- 
quently the number, which we have found above, is reduced to 
the half ; that is to say, it must be divided by 2. If we have 
three letters alike, the six transpositions are reduced to one ; 
whence it follows that the numbers in the table must be divided 
by 6 = 3 X 2 X 1* And for the same reason, if four letters are 
alike, we must divide the numbers found by 24 or 4 x 3 x 2 x If 
&c. 

It is easy therefore to determine how many transpositions the 

letters aaabbc, for example, may undergo. They are in number 

6, and consequently, if they were all diSei*ent, they would. 

admit of 6x5x4x3x2x1 transpositions. But since a is 

found thrice in those letters, we must divide that number of 

transpositions by 3 x 2 x 1 ; and since b occurs twice, we must 

again divide it by 2 x 1 ; the number of transpositions requii*ed 

•iwu c u 6x5x4x3x2x1 ^ ^ ^ ^^ 
Will therefore be = — - — - — - — - — -—= 5 x 4 x 3 = 60. 
8x2x1x2x1 
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St8» RwiIImwbe'6fiA7'foFii8 to di^termifie the ebefllcifiits 
of all the termi of MLwy ^ow«h*. We sliatl give an example of tlie 
seventh power {a + by^ 

The first term is a'', which occurs only once ; and as all the 
other terms have each seven letters, it follows that the number of 
transpositions for each t«nn vmtfbe 7x6x5x4x3x2x1^ 
if all the ^letters were different But since in the second 
,term» a^b^ we find six fetters altk^, we most dt\ide the above 
product by .6.x 5 X 4 X 3 X 2 X 1» whence it follows that the 
coeflldent h ^ ^ j^6x,5x 4x 3 x 2x I ^ 

^X5 X4X3X «X 1 ^ 

^ In the third t^m a' b b^ we iGlnd the same letter a five timesi 
and ttie same letter b twice i we must therefore divide that 
number first by5x4x3X^Xlf and then also by 2 x 1 9 
whence results the coefficient ^x 6 x5 X4x3 x2x i ^ 7x^ 

5x4xiXJiXlX!2xl «X1 
The fourth term a* b^ contains the letter a four times, and the 
letter 6 thrice ; consequently, the whole number of the transpo- 
sitions of the seven letters must be divided, in the first pU^re^ 
by 4 X 3 )f, 2 X If and secondly, by 3 x ^ X 1» and the coeffi- 
7x6x5x4x3X12X1 7x6x5 



cient ketones: 



4X3X5dXl X3 X^X i 1X2X3 



I»the samfe urnner, we fii^ ^^ ' ^q ^Ji ^^ ^^ coefficient 

1 X » X 3 X 4 

of the fifth term, and so of the rest ; by which the rule before 
given is demonstrated. 

319. These considerations carry us further, and shew us also, 
how to find all the. powers of roots coniposed of more than two 
terms. We shall apply them to the third power of d + b +c; 
the terms of which must be formed by all the possible combina- 
tions of three letters, eacbr term having for its coefficient the 
number of its transpositions, as above. 

Without performing the multiplication, the third power of 
(a + b + c) will be a' +Saab+Saac + Sabb + 6abc + Sacc 
+ b^ + 3bbc + Sbcc-4'C^. 

Suppose a 3 1, fr =s 1, cs ly the cabe of 1 -f I + 1, or of 3^ 
will be 1 +3 r(.3 + 3 + 6 + 3+1 + 3 + 8 + 1= 27. 

This residi is accurate, and confirms the rule. 

BuL Mg. 14 
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If we bfid flui^osed a si, fr=sl, ftiid6=s— 1, we AvM 
have found for. the cube of l + 1 — I, that abp ci, Ip , 

1 +3 — 3 + 3 — 6 + 3 + 1 — 3 + 3—1 = 1. 



CHAPl[*E>R XII. 

Of the exprtssion of Irraivmal Powers by Iijfimte Series* 

320. As we have shewn the method of finding any power of 
the root a +b, lio^wever great the exponent,; we a;re able to. 
express* generallyy the pc^wer of a + 6, whose exponent is unde- 
termined. It is evident that if We represent that exponent by 
ft, we shall have by the rule already given (art. 307 and the fol- 
lowing): 

n — 2 ;, ,., n n — 1 n— .2 n — 3 i ^r^ c* 
^_.a«-«*3+^^__X.__X__.fl«-454&c^ ^ 

* 32K If the same power of the root a — 6 were required,' we 
should only change the signs of the second, fourth,^ tdxtb, &c; 

terms, and should have (a — by =a? — -r o "-^ 6 + -r**>^ T* 

1 IS 

«-5x« « n— I n — 2 „ ,., • n n-*-! .n--2 

4 , 

322. These formulas are remarkably useful ; for they serve 
also to express all kinds of radicals. We have shewn that all 
irrational quantities may a^ume the form of powers, whose 

2 1 3 1 

exponents are fractional, and that \/a =a^ ; \/a ^0^9 and 
Va =aS&c» We have therefore^ also, 

...V(« + 6) = (« + &)^; V'(^+^ = (a + «')^ 

4_; 1 

and \/ (a + 6) = (a + &)^^ &c.: 

Wherefore, if we wish to find the square root of a + J), we 

have only to substitute for the exponent n the fraction ^, in the 

general formula, [art. 3£0,] and we shall hare firirty^for the 

coefficients, 
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"_ * « — ^ _ 1 . « — 2 _ S , "~^ _ 5^ n--4 _ 

T~"2' 2 ~ 1' 3 ~ e' 4 "■ 8' 5 "~ 

-^'^T-S- Then,a»=«*=va-and«"- = ^j 

a^-* = — =r ; 0^"""* = Tz, &e., or we might express those 

• a** 
powers of a in the following manner; 0* = ^/^ ; a^-^rs— = 

a ' fl* . o* .a* a' ' o* a^ 

323. This being laid down, the square root of a + 6^ may be 
expres&ed in the following manner : 

V («•+ fr) = _ • _ 

3 5 






324. If a, therefore, be a square number, we may assign the 
value 4)f v^and, consequently, the square i*oot of a +& may be 
expressed by an infinite series, ^^itliout any radical sign. 

Let, for example, a = cc, we shall have ^7 = c ; then 

1 b 166 1 6J 5 b*' 

V'(cc + 6) = c+^x^— g-^ + ^gX^T-n8X^,&c. 

We see, therefore, that there is no number, whose square 
root we may not extract in the same way ; since every number 
may be resolved Into two parts, one of which is a square repre- 
sented by c c. If we require, for example, the square root of 6^ 
we make 6 := 4 + 2, consequently c c == 4, c s 2, 6=2, whence 
results v7 = 2 + 1 — ^V + tV — t/t4> &c. 

If we take only the two leading terms of this series, we shall 
have ^1 = |, the square of which, y, is ^ greater than 6 ; but 
if we consider three terms, we have 2^^^ s ||, the square of 

which, Y^y, is still tVV^^^ ^^^'1- 

325. Since, in this example, | approaches very nearly to the 
true value of V6, "^^ shall take for 6 the equivalent quantity 
y — J. Thus cc=y5 c = |; 6 = — J; and calculating only 

_; 1 1 

the two leading terms, we find \/6 =| + |>c-~ = | — ^x-j 

3r n 



s $ ~ niV = 77 : ^b^ square of this fraotiov, beings ^Yf ' Q^cceeds 
the square of v 6"oniy by ^J^^. 

Now, making 6 = VuV — tw' ^ ^lat c » 4 » and 6 = — -^^-^ 5 
Und still taking only the two leading terms,, we have 

ITT fo 

the sqiiarre of which S» S^rTTMW^* ^^^ ^^ ^^^^^ reduced to the 
sa^iie denominator^ is = y/^Yftnr » ^^^^ error therefore is only 

326. In the same manner, we may express the cube root of 

s ^ I 

n + b by an infinite series. For since \/ (4 + b)^{a + by^, 
we shall have in the general formula n = I, and fop the coeffi- 

. ^ n 1 n — I 1 «-^2 5 » — S 2 

Ciente. ^ = -,.-— = --5 -3- = — 9I --r-*-!' 

— - — = — ~ f &c., and with regard to the powers of a» we shall 

d ID 

8__ 3_ »__ 

liaTeo«=vr;a»-Jcli|a*-^=r5f^jaP-*=^fce.5 <beii 
'^ a ' aa a^ 

3 s _ 8^ 

_- X h^ ^, Ac* 

243 a* 

s 

32r. If a therefwe be a cufce, or « = c'j we have \/a = c, and 

the radical signs will vanish | for wesball have 

328, We have, therefore, arrived at a formula, which will 
enable us to find bg approximBtion, as it is called, the cube root 
of any number ; since every number may be resolved into two 
parts, as c^ + 6, the first of which is a cube. 

If wjB wish, for example, to ctetermine the cube root of S, we 
represent 2 by 1 4- 1, so that c=: 1 and b s 1^ consequently 

^2 =1+1 — i + /t» ^*9 ^^^ *wo leading terms of this 
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series make 1 j = 4 the cube of whicb^ |4« 10 too great by \%. 
Let us then make S = |t — \h ^^ ^^^^ ^ = 7 ^^^ ^ = — \h 
and consequently \/2 "= 7 + 1 X -^^ l^ese two terms give 

I — T% = »|, the cube of which is I^H- Now, 2 = iHIH' 
so that the error is -^ll^lj* In this way we might still approx- 
imate, and the faster in proportion as we take a greater nudiber 
of terms* 



CHAPTER XIII 

Of the nsAfOim ^f^Migittvve Powem. 

S29, Wb have already shewn, that we may express — by a-^ ; 
we may therefore also express --^r by (a + hy^^ ; so that the 

fraction — ^ may be considered as a power of a + b, namely, 

that power whose exponent is •— 1 ; and from this it follows, 
that the series already found as the value of (a -l- 6)" extends 
also to this case. 

330. Since, therefore, — -. is the same as (a + A}*S let as 

suppose, in the general formula, n = — - 1 ; and we shall first 

have for the coefficknts --=2 — 15 ~ =s>-* 1 ; > ~ = -^ I ; 

M i «5 

ft - *K t 

— r — =•-«• 1, &c. Then, for the powers of a ; a» = o"* = — ; 
4 a 

fl«-i = a-«=~| a«^^=:^3;o"-^=J^, &c. So that (a + 6)-*^ 

= ---7= \ +— . — -v+ -T — 1* &c., and this is the 

same series that we found before by division. 

SSI. Further, r----Tr5 being the same with (a + 6)"^, let on 

reduce this quantity also to an infinite series. For this purpose, 
we must suppose nss — 2, and we shall first have for the coeffi- 
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..» 3||^i sn — 2 4 n — 3 

^lents ^--^ ^, -,_^=n — -^-^ ^, __ _ 

, &c. Then, for tJie powers of a ; a* = ^ ^ «""^ = t ; 

t^»-^=s-- ; a»^4: -J, &c. We thei*dbre obtain (a +*)-• = 

Ix^^^"^^ t^I^tX4 = ^>*^» Consequently, we have 
1 1 h b* b^ b^ 6* 6« ^ 

33^. Let us proceed and sup[M>se n = — - 3, and we shall have 

a series expressing the value of . iuss * ^^ ®f (^ + *)^^- The 

«,.x -11 uW 3«— 1 4n — 2 5 

coefficients will be — = — — 5 



1 1' 3 2' 3 ■" 3' 

*"" ■ =: — --, &c, and the powers of a become, a" = -^ ; o*"* = 
4 4 "^ a^' 

-.5 a»- = -„ &c., which gives ^-jt^-j^s = ^ - j ,t + 1 
4 6» 3 4 5 6» 3 4 5 6 6* 

1 6 6« 6» 6* 6* 6* 6^ 

- -i_3 r^ + 6^— 10% + 15-^--21 -+28 -— 36^ 

+ 45— ,&c. 

Let us now make n = — 4 ; we shall have for the coefficients 
,1 4 n— 1_ 5* n--2_ 6 n— 3_ 7 . 

-j-=— j; -g — — -gi -3^-—- 3^ ~ir-~4' *^'^ 

and for the powera, a» = ^ ^ o"-^ = ^- ; a"-* = — ; a""-^ = -^ ^ 

«"^ ^ i* ««^-' ^'^^'^^ ^« ^"*»" 5 (TTSr = ^^ ~ 7 ^ a^ + 
4 5 6* 4 5 6 6» 4 5 6 r 6* „ 
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= T — ^ -i + 10 li -^ ^0 -^ >f 35 -5 — 56' - &c. 
fl* «' «• fl^ . a* a* 

333. The different cases that have beeri oonsidefed enable as 
to conclude, with certainty, that we diall baTe, generally, for any 
negative power, of a + A ; • .... - 

And by means of this formula^ we may transform all such 
fractions into infinite series, substituting fractions also, or frac- 
tional exponents^ for m, in order to express irrational quan- 
tities. 

334. The following considerations will illustrate this subject 
further. 

We have seen that, 

a+b" a «» + a» a*"^ a' o« * 
If, therefore, we multiply this series hj a + bf the product 
ought to be = 1 1 and thia is found to be 4rue, as we shall see by 
performing the multiplication : 

1 b^ b» b^ b± b' ^ 

a + b 



b b» b^ b^ b' J,' 

a fl« a^ .a*, af. 

b 6» 6* b* 6* 

1. 
335. We have also found, that 

1 _ 1 26 3_66^463 5b^ 6b' , 

If, therefore, we multiply tliis series by (a +,6)*, t^e product 
ought also to be = 1* Now (a + b)* =zaa +2hb + bb. See 
the operation : 



^ 






oa -|>ilit.(4-6t 



.6 .) '<6 4 6* 5 6* V i.» 

26 465 66' 86« 106^ 

^ a a a a* a* a' 

bh 2 6« S6* 4 6* 

^ «fl a* ^ a* o* ^^ 



1 = the product, which the nature of the thing required, 
9S& If we multiply the series which we found tor the value 

of , , .,. , by a + 6 only, the product ought to answer to the 
fraction -—,9 or be equal to the series already found, naitiely, 

2 + — ■: — 4 + 1^ &c.4ind this the actual milltiplicatioii 

will confirm, 

vi 2 6 3 6 6 4 6» 5 6* ^ 
aa a* 'a* a* ^ a* 

a + h 



1 26 366 46' 5b* ^ 
h thb S6» 46^ . 



1 6 6 6 63 6* 



«4 



* 



L 
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SECTION III. 

OV RATIOS AlTD FBOPOSTIOITS. 

CHAPTER. I. 

Of Arithmetical Ratio, or of the difference between two J^Tumbers^ 

AJBLT1CU& SS7. 

jTwo quantities are either equal to one another, or they are 
not In the latter case, where one is greater than the other, 
we may consider their inequality iittwo diiferent points of view : 
we may ask, how much one of the quantities is greater than the 
other ? Or, we may ask, how mnny times the one is greater 
than the other ? The results, which constitute the answers to 
these two questions, are both called relations or ratios. We 
"usually call the former arithmetical ratio, and the latter geomet- 
rical ratio, without however these denominations having any 
connexion with the thing itself : they have been adopted arbi- 
trarily. 

338. It is evident, that the quantities of which we speak must 
be of one and the same kind ; otherwise, we could not determine 
any thing with regard to their equality or inequality. It would 
be absurd, for example, to ask if two pounds and three ells are 
equal quantities. So that in what follows, quantities of the 
same kind only are to be considered ; and as they may always 
be expressed by numbers, it is of numbers only, as was men- 
tioned at the beginning, that we shall treat. 

339. When of two given numbers, therefore, it is required to 
find, how much one is j^reater than the other, the answer to this 
question determines the arithmetical ratio of the two numbers. 
Now, since this answer consists in giving thQ difference of the 

Evl^Mf. 15 
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two mimbersy it follows, that an aritfanietical ratio is nothinf^ 
but the difference between two numbers : and as tbis appears to 
be a better expressiont we shall retserve the words rotio .and 
relation^ to express geometrical ratios. 

340. The difference between two numbers is found, we know, 
by subtracting the less from the greater ; nothing therefore can 
be easier than resolving the question, bow much one is greater 
than the other. So that when the numbers are equal, the dif- 
ference being nothing, if it be inquired how much one of the 
numbers is greater than the other, we answer, by nothing. For 
example, 6 being = 2 x S9 the difference between 6 and 2 x 3 is 0. 

341. But when the two numbers are not equal, as 5 and 3, 
and it is inquired how much 5 is greater than 3, the answer is, 
2 ; and it is obtained by subtracting 3 from 5. Likewise. 15 
is greater than 5 by 10 ; and 20 exceeds 8 by 12. 

342. We have three things, therefore, to consider on this 
subject ; 1st, the greater of the two numbers ; 2d, the less ; and 
3d, the difference. And tbe6e three quantities are connected 
together in such a manner, that two of the three being given, 
we may always determine the third. 

Let the greater number = a, the less ==: 6, and the diflference 
= d ; the difference d will be found by subtracting b from a, so 
that (1 = a — b; whence we see how to findd, when a and ft are 
given. 

343. But if the difference and the less of the two ninmbers, or 
ft, are given, we can determine the greater number by addii% 
together the difference and the less number, which gives a = 
ft + d. For, if we take from ft 4- d the less number ft, there 
remains d, which is the knoW9 difference* Let the less tiumber 
=: 12, and the difference == 8 ; then the greater number wifl be 
= 20. 

344. Lastly, if beside the difference d, the greater noiAber'a 
is given, the tither number ft is found by subtracting the dlflRt- 
ence from the greater number, which gives ft=a-^d. ¥tftU 
I take the number a — d from the greater number a, there 
remains d, which is the given diflbrence. 

345. The connexion, therefore, among the fMiiribera A, &, d^ is 
of such a nature, as to give the three following results : !'*• d =k« 
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-«- ft ^ 2^ «=& i 4^d; 3^ ft ^a -^ e( £ md if one of tb^e three 
eomparisons be jnst^ the others mitat neccBsarilj^ he so also. 
Wherefore^ generally^ if a; = op + jf* it necessarily foIlQwa^ that 
j^ ::^ « .^ar^ and ar = 2» -^ ]f« 

546. With regard to these arithmetical ratios we must remark^ 
that if we add to ^ two numb&rs a and bt a number c assumed 
at jdeasure, or subtract if from ttem, the difference remains the 
same. That is to say, if d is the difference between a and ft, 
that number d wiH also he the difference between a + c and 
ft -f e^ and between a^^c and b — c. . For example, the differ- 
ence between the ninnbers 20 and 1£ being 8, that difference 
will remain the same, whatever number we add to the numbers 
20 and 12, and whatever numbers we subtract from them. 

S47'. The proof is evident ; for if a — ft =;: d we have also 
(a -f c) — (6 + tf) = d ; and also (a — c) — (ft — c) = d. 

548; If we double the two numbers a and b, the difference will 
also become dmUe. Thus, when, a -^ ft s= d, we shall bave» 
2a — 2b=zQd; 9Lni, generaUjff n a -^nb :szn A, whatever v(due 
we give to n. 

CHAPTER 11. 

Qf AriOi,meiical Proportion. 

549. Whek two arithmetical ratios, or relations, are equal, 
this equality is called an arithmetical proportion. 

Thus, when a — ft s= d and p -^ ^ = d, so that the difference 
is the same between the numbers p and 9, as between the num« 
hers a and ft, we say that these four numbers form an arithmeti- 
cal proportion ; which we write thus, ^a -*- ft =:p — 9, expressing 
clearly by this, that the diflbrence between a and ft is equal to 
the diffbreiice between p and q. 

550. An arithmetical proportion consists therefore of four 
terms, which must be such, that if we subtract the second from 
the first, the remainder is the same as when we subtract the 
fourth from the third. Thus, the four numbers 12, 7, 9, 4, form 
an arithmetical proportion, because 12 — 7 = 9 — 4.* 

• To shew that these terms make such a piroportion, some write them 
thus ; 12 . . 7.: : 9 . , 4. 
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351. fflien ive have tm ariihmeiieal prapofii$fh as % — b=:p 
>— q, we majf nwke tlie second and third change placeSf writing 
a — p = b — q ; atid this eqitaHty wUl be no le$8 true ; for, since 
a — b=:p — g» add ft to both sides, and we have a^b+p — q; 
then subtract p from both sides, and we have a — p s i — - 9. 

In rhe same manner, as 12 -»7 ='9 — 4, so also 
12— 9 = 7 — 4. 

S52. We maiff in every arithmeUeal praportimf put the second 
term aUo in the place of the firsts if we make the same iransposi* 
tton of the third and fourth* That is to say, if a — bzsp — q, 
we have also b — a=i q-^p. For b — a is the negative of 
a -^ 5, and 9 -^ p is also the negative of p — - 9. Thus, since 
12 — 7 = 9 — 4, we have also, 7 .i— 12 =4 — 9. 

S5^. But the great property of erocjy arithmetical proportion i$ 
this; that the swn of the second and third term is always equal is 
the sum of the first and fourth. This pn^rty, which we. must 
particularly consider^ is expressed also by saying that, the sum 
of the means is equal to ttie sum oi* the extremes. Thus, since 
12 — 7 = 9 — 4, we have 7 + 9=12-f-4^ and the aum we find 
is 16 in both. 

354. In order to demonstrate this principal property, let 
a — b = p — 9; if we add to both 6 + 9, we have a + qz=ib^p; 
that is, the sum of the first and fouKh terms is equal to the sum 
of the second and third. And conversely, if four numbers^ a, b, p, 
q, are such, that the sum of the second and third is equal to the sum 
of the firat andfuurthf that is, if ft +p =a -f-g, we conclude, 
without a possibility of mistake, that these numbers are in ari/A- 
metical proportion, and that a «— ft =p — q. For, since 

a + 9=6+p, 
if we subtract from both sides ft + 9, we obtain a — - 1 =p— - }• 

Thus, the numbers 18, IS, 15, 10, being such, that the sum 
of the means (13 + 15 = 28,) is equal to the sum of the ex- 
tremes (18 + 10 = 28,) it is certain, that they also form ai^ 
arithmetical proportion ; and, consequently, that 
18 — 13=15 — 10. 

355. It is easy, by means of this property, to resolve the fol- 
lowing question. The three first terms of an arithmetical pro- 
portion being given to find the fourth ? Let a, ft, p, be the threie 



fralt t lifc 't-^JM 



0Im9, 2. Of ^tioi mid Proportum. 117 

first ternisy and let qs express the fourth by f^ which it is 
required to determine, then a + 9 = fr+|^; by subtracting a 
' from both sides^ we obtain q^b+p — a. 
. Thus, tilt fourth term is found by adding together the second and 
third, and suitractmg tAe first from that sum. Suppose, for ex- 
ample, that 19, £8, 13, are the three first terms given, the sum 
of the second and third is =41 ; take from it the first, which is 
19, thfre remains ^2 for the fourth term sought, and the arith- 
metical proportion will be represented by 19 — 38 = 13 — 2£» 
or, by «8 — . 19 = 22 — 13, or, lastly, by 28 — 22 = 1 9 — 13. 

356* When in an arithmetical proportion9 the second term is equrd 
io the thirdf we have Ofdy three numbers ; the property of wliich 
is this, that the first, minus the second, is equal to the second, 
minus the third ; or, that the difference between the first and 
the second number is equal to the difibrence between the second 
and the third. The three numbers^ 19, 15, 11, are of this kind, 
since 19 — 15=15 — 11. 

• 357. Three ^iicA numbers ore said to form a continued arith^ 
meHcal praportumf which is sometimes written thus, 19 : 15 : 11. 
Such proportions are also called arithmetical progressions, par- 
ticularly if a greater number cf terms fdUnv each other according 

> to the same law. 

• An arithmetical . progression may he either increasing, or 
decreasing* The former distinction is applied when the terms 
go on increasing, that is to say, when the second exceeds the 
first, and the third exceeds the second by the same quantity ; 
as in the numbers 4, 7, 10. The decreasing progression is that, 
in which the terms go on always diminishing by the same quan- 
tity, such as the numbers 9, 5, 1. 

258. Let us suppose the numbers a, 6, c, to be in arithmetical 
progression; then a — i = 6 — c, whence it follows, from the 
equality between the sum of the extremes and that of the means, 
that 2 6= a + c; and if we subtract a from both, we haVe 

c=:26 — a. 

359. So that when the two first terms a, b, cf an arithmetical 
progression are given, the third is found by taking the first from 
twice the second* Let 1 and 3 be the two first terms of an arith- 
metical progression, the third will be = 2x3 — 1 = 5. And 
these three numbers 1 » 3, 5 give the proportion 1 — 3 = 3—^5. 
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By ftHowimr 4be same vefliodf we mi^ porBiie the 
arUbmetkal prognMBion as fiftr as we please ; we have otUy to 
Jind thefmrth by means rfAe 9$cond and thirds in the same ima- 
iMT as we determined the third by laeaAs of the first and second, 
and so on. Let a be the Arst term* and b the second^ the third 
will bes£»^m thefoartii az4k^fla—^b=:Sb^^af the | 

Iirth6ft_4a— 2» + as46*-«5a,the sixth s8fr-^ en— Sh I 

+ ^a:=z5b^4a, the seventh aetoi-- aa-^4 t + 3a = 6i 
-^Safkc. 



CHAPTER in. 

Of Jirithmdical Progressions. 

S6l. We have remarked already, that a series of ntunbers 
composed of any nnnber of terms, which always increase, or 
decrease hy the same quantity, is called an aritkmMeal pregres* 
sion. 

Thus, the natural numbers written in their order, (as 1, S, S^. 
4, 5, 6, 7, 8, 9, 10, jcc.) form an arithmetical prog^E'ession, 
because they constantly increase by unity ; and ttie series 525, 
22, 19, 16, 15, 10, Tf 4, 1, &c. is also such a progression, since 
the numbers constantly decrease by S. 

362. The number, or quantity, by which the terms of an 
arithmetical progression become greater or less, is called the 
d^erenee* So that when the first term and the difference are 
given, we may continue the arithmetical progression to any 
length* 

For example, let the first term s S, and the difference 3= 3, 
and we shall have the following increasing progression ; 2, 5^ 
8, 11, 14^ 17, 2e, 23, 26, 29, &c. in which each term is fooodf 
by adding the difference to the preceding term. 

363. It is usual to write the natural numbers, 1, 2, 3, 4, 5, &c. 
above the terms of such an arithmetical progression, in order 
that we may immediately perceive the rank which any terra 
holds in tlie progression. These numbers written above the 
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termsy inaj i% called inikes ; and tbe above example to written 
as folbuns : 

Indices^ ldd4S67 89 10 

JlriA. Prof. 2, 5, 8) 11» 14, 17, £0, S6» 26, £9, &c. 
where we see that £9 is the tenth tern* 

364. Let a be the first term, and d the difference, the iuith- 
metical progression will go on in the following order : 
i Q iy 4-5 6 7 

a> a + d, a + %df a -f 3d, a + 4d, a + 5d, n 4. Gd, &e. 
whence it appears) that any term of the progression might be 
easily found, without the necessity of finding all the preceding 
ones, by means only of tlie first term a and the difference d. 
For example, the tenth term will be = a + 9 d, the hundredth 
term = a + 99 d, and generally, the term n will be 
=:o + (n— i)d. 

565. When we stop at any point of the progression, it is of 
knportance to attend to the first and the last term, since the 
index of the last wiH represent the number of terhis. J^, there^ 
fire, the first terra = a, the difference =t d, amd the number of terms 
= n, we shall have the last term = a + (n — 1) d, which is cou' 
sequendyfound^ multiplfing tike difference by the number cf terms 
minus me, and. adding the first term to that product. Suppose, for 
example, in an arithmetical progression of a hundred terras, 
the first term is = 4, and the difference = 3 ^ then the last term 
Wfllbe = 99x3+4 = 301. 

366. When we know the first term a and the last x, with the 
iMmberef terms n, we .can find the difiisrence d# For, since 
the last term « = a 4- (n — • 1) d, if we subtract a from both sides, 
we obtain as-^« 3s(n -^ l) d^ So that by subtracting tte first 
term from the last, we have the product of the difference multi- 
plied by the number of terms minus 1. We have, therdbre, 
only to divide 1%; -— a by n— 1 to obtain the required value of 

the difference d, which will be = -^f. This result furnishes 

n— - 1 

the following rale : Subtract the first term from the last, divide the 

remainder by the number sf terms^tnm 1, emd the quetimt ttnll 

be the difference : by means of which we may write the whole 

* progression. 
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367. Suppose^ for exainple» that ^ have an arMhuietical 
progression of nine terms, who<ie first is = ^2, and last = 26^ 
and that it is required to find the difference. We must subtract 
the first term^ 2, from the last, 26, and divide the remainder, 
Mhich is 24, by 9 — 1, that is, by 8 ; the quotient 3 will be eqtfal 
to the difference required, and the whole progression will be 
12S456r81>' 
2, 5, 8, 11, 14, 17, 20, 2d» 26. 
To give another example, let us suppose that the first term 
s 1, the last = 2, the number of terms s= 10, and that tiie arith- 
metical progression, answering to these suppositions, is requlr- 

2-»-» i 1 
ed ; we shall immediately have for the difference ^ = — , 

and thence conclude that the progression is 

128456789 10 

U ^9 If If If. If If If If 2. 

Another example. Let the first term = 2^« the last s= 12^, 

and the number of terms = 7 ; the difference will be 

7— I "" 6 ""se"" 56* 
and consequently the progression 

12 3 4 5 6 7 

H^ 4,V. 5|i, 7V!r, 9f lOff l^. 

268. If now the first term a, the last term », and the differ* 

ence if, are given, we may from them find the number of terms 

n. For since % — a = (n — 1) d, by dividing the two sides 

by d, we have — j— . =s n — • 1. Now, n being greater by 1 

than n — 1, we have n = T* + 1 5 consequently, the number 

of terms is found hjf dividing the difference tetween the first and the 
last term, or z — a, 6y f Ae difference of the progression, and adding 

unity U) the quoitient, 'T • 

For example, let the first term =:4, the last = 100, and the 

difference = 12* the number of terms will be ^ + 1 s 9 ; 

12 ' 

and these nine terms will be, 

123456789 
4, 16, 28, 40, 52, 64, 76, 88, 100. 
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If the first term = 2, the last = 6, and difference s= 1|, the 
4 
namber of terms will be — + 1 = 4 ; and the^e four terms 

will he, 

1 £ S 4 
2, Si, 44, 6. 
Again, let the first term = 3^, the last := 7-|, and the differ-* 

cnce =14, the number of terms will be = "^"7 ^ + 1 =s 4 j 

which are^ 

H. 4;, 6|, r|. 

369. It must be observed, however, that as the number of terms 
is necessarily an integer, if we had not obtained such a number 
for 71, in the examples of the preceding article, the questions 
would have been absurd. 

Whenever we do not obtain an integral number for the value 

of "T , it will be impossible to resolve the question ; and con- 
sequently. In order that questions of this kind may be possible^ 
% — a must be divisible by d. 

370. From what has been said, it may be concluded, that we 
have always four quantities^ or things^ to consider in arithmetic- 
al progression ; 

I. The first term a. 
II. Tlie last term «• 

III. The difference d. 

IV. The number of terms n. 

And the relations of these quantities to each other are surb, that 
if we know three of them, we are able to determine the fourth } 
for, 

I. If a, d, and n are knownf we have z =: a 4- (n — 1) d. 
II. If z, d, and n are known, we have a = z — (n — 1) d. 

III. If ^^$ and n are known, we have d = -— :• 

IV. If a, z, a'$d d are known, we have n = ^^^ + 1. 
Eul. Mg. 16 
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CHAPTER IV. 

Of the Summation of Jlrithmetical Progressions. 

371* It is often necessary also to find the sum of an arith- 
metical progression. This might be done by adding all the 
terms together ; but as the addition would be very tedious^ when 
the prograssion consisted of a great number of terms» a rule has 
been devised, by which the sum may be more i^eadily obtained. 

S72. We shall first consider a particular given progression, 
such that the first term = &, the difference = S, the last term 
= 29, and the number of terms = 10 ; 

123456789 10, 
2, 5, 8, 111 U, 17, 20, 23, 26, 29. 
We see, in this progression, that the sum of the first and the 
last term = 31 ; the sum of the second and the last but one 
= 31 ; the sum of the third and the last but two = 31, and so 
on ; and thence we conclude, that the sum of any two terms 
equally distant, the one from the first, and the other from the last 
term, is always equal to the sum of the first and the last term. 

373. The reasons of this may be easily traced. For, if we sup- 
pose the first = a, the last = %, and the difference = d, the sum 
of the first and the last term 13=: a + oc; and the second term 
being = a -f ({, and the last but one z=% — d, the sum of these 
two terms is also = a -f «. Further, the third term being 
a 4- 2 d, and the last but two = » — 2d, it is evident that these 
two terms also, when added together, make a + %. The demon- 
stration may be easily extended to all the rest. 

374. To determine, therefore, the sum of the progression pro- 
posed, let us write the same progression term by term, inverted, 
and add the corresponding terms together, as follows : 

2 + 5 + 8 +11+14 + 17+20 + 23 + 26 + 29 
29 + 26 + 23 + 20 + 17 + 14 + 11 + 8 + 5 + 2. 

31 + 31 + 31 + 31 + 31 + 31 + 31 + 31 + 31 + 31 
This series of equal terms is evidently equal to twice the sum 
of the given progression ; now the number of these equal ternns 
is 10, as in the progression^ and their sum^ consequently, == 10 
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X 31 = 310. So thaff since this sum is twice the sum of the 
arithmetical progression^ the sum required must be =155. 

375. If we proceed in the same manner, with respect to any 
arithmetical progression^ the first term of which is = a, the last 
== », and the number of terms = n ; writing under the given 
progression the same progression inverted, and adding term to 
term, we shall have a series of n terms, each of which will be 
= a + (ss ; the sum of this series will consequently be = n (a -f «), 
and it will be twice the sum of the proposed arithmetical pro- 
gression ; which therefore will be = J" * 

376. This result furnishes an easy method of finding the sum 
of any arithmetical progression ^ and may be reduced to the 
following rule : 

MuUifly the sum of ths first and the last term by (Ae number cf 
termSf and lialf the product wUl be the sum rf the whole progres* 
sion» 

Or, which amounts to the same, multiply the sum of the first 
atid the last term by half the number of terms. 

Or, multiply half the sum of the first and the last term by the 
whole number of terms. Each of these enunciations of the rule 
will give the sum of the progression. 

377. It may be proper to illustrate this rule by some exam- 
ples. 

First, let it be required to find the sum of the progression of 
the natural numbei-s, 1, 2, 3, &c. to 100. This will be^ by the 

first rule, = ^^ ^ ^^^ = 50 X 101 = 5050. 
2 

If it were required to tell how many strokes a clock strikes 

in twelve hours ; we most add together the numbers 1, 2, 3, as 

12 X 13 
far as 12; now this sum is found immediately = — - — = 6 x 

13 = 78. If we wished to know the sum of the same progres- 
sion continued to 1000, we should find it to be 500500 ; and the 
sum of this progression continued to 10000, would be 50005000. 

378. Mother question. A person buys a horse, on condition 
that for the first nail he shall pay 5 halfpence, for the second 8, 
for the third 11^ and so on^ always increasing 3 halfpence more 
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for each following one ; the horse hating 82 nailSf it is required 
to tell how much he will cost the purchaser 7 

In this question, it is required to find the sum of an arith- 
metical progression, the first term of which is 5, the difference 
== S, and the number of terms = 32. We roust therefore beidn 
by determining the last term ; we find it (by the rule in articles 
365 and 370) = 5 -f 3t x 3 = 98. After which the sum requir* 

103 X 32 
ed is easily found =s — -- — = 103 x 16 : whence we conclude 

that the borne costs 1648 halfpence, or 3[. 8s. 8d. 

379. Generally, let the first term be = a, the difference = df 
and the number of terras = n ; and let it be required to find, by 
ineans of theeie data, the sum of the whole progression. As the 
last term must be = a + (n — 1) d, the sum of the first and last 
will be = 2 a -f (n — * 1) d. Multiplying this sum by the number 
of terras n, ^ e have 2iia-fn(ti— il)c{; the sura required there- 

fore will be = n a 4- —i— ;^ — i-. 

This formula, if applied to the preceding example, or to a = 5, 

d = 3, and n=: 32, gives 5 X 32 + ^^^^' ^^ = 160 + 1488 = 

1648 ; the same sum that we obtained before. 

380. If it be required to add together all the natural numbers 
from 1 to fi, we have, for finding this sum, the first term = 1, 
the last term =: n, and the number of terms = n ; wherefore the 

sum required is = "Jj+I* ^ " (« + 0, 

If we make n = 1766, the sum of all the numbers, from 1 to 
1766, will be = 883 X 1767 = 1560261. 

381. Let the progression (f uneven numbers he proposed, 1, 3, 5, 
7, &c. continued to n terms, and let the sum of it be required : 

Here the first term is = 1, the difference = 2, the number of 
terms = n j the last term will therefore be = 1 -f (n — 1)2=: 
2ii -— 1, and consequently the sum required = nn. 

The whole therefore consists in multiplying the number of 
terms by itself. So that whatever number of terms of this pro- 
gression we add together, the sum wiU be always a square, namely 
the square of the number of terms. This we shall exemplify as 
follows ; 

i 



Cbftp. 4. Of naUm and Traportum. ISO" 

IndiceSf 1 2 3 4 5 6 f 8 9 10 &c. 
Progress, I, S, 5, 7, % lU IS, 15^ 17, 19, &c. 
Sum, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, &c. 

382. Let the first term be s= 1, tiie difference = 3, and the 
number of terms = n ; we shall have the pn>gre8sion 1, 4, 7, 
10, &c. the last term of which will be l+(n — l)3s=3n — 2; 
wherefore the sum of the first and the last term = 3 n — 1, and 

consequently, the sum of this progression = ^ ^"^ ^=— — ^ 

If we suppose n = £0, the sum will be =: 10 x 59 = 590. 

383. Again, let the first term = 1, the difference = d, and the 
number of terms = n ; then the last term will be =; 1 -f (n — i) d. 
Adding the first, we have 2 -f (fi — 1) d, and multiplying by the 
number of terms, we have 2n-fn(n— ])d; whence we deduce 

the sum of the progression = n + 'Z • 

We subjoin the following small table : 
. Ifd=l, thesumis = n+ "(^-0 ^fm±? 

d = 2, =»-} ^— ^ :=nn 



d = 4, =11+— 1- ' = 



2 



2n7i — n 



d = 5, = « + i = — — 



2 



d = 6, =i.+^JL(l=l)=:3nn--. 



2 



£n 



* "^ "*" 2 "* 2 

J o . 8w(«-.l) , 

d = 8, =n + — ^-- ^ = 4nn — 3n 

d = 9, ^^ 9n(n-l)^9nn-7n 

2 2 
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CHAPTER T. 

Of Geometrical Eatio. 

584, The geometrical ratio of two numbers is found by rescdv- 
ing the question, how many tim^s is one of those numbers greater 
than the other ? This is done by dividing one by the others 
and the quotient, therefore, expresses the ratio required. 

385. Wo have here three things to consider ; 1st, the first of 
the two given numbers, which is called the antecedent ; £dly, the 
other number, which is called the consequent ; 3dly, the ratio 
of the two numbers, or the quotient arising from the division of 
the antecedent by the consequent. For example, if the relation 
of the numbers 18 and IS be required, 18 is the antecedent, 12 
is the consequent, and the ratio will be •}! = t^ ; whence we 
see, that the antecedent contains the consequent once and a 
half. 

386. It is usual to represent geometrical relation by two 
points, placed one above the other, between the antecedent and 
the consequent Thus a : h means the geometrical relation of 
these two numbers, or the ratio of 6 to a. 

We have already remarked, that this sign is employed to 
represent division, and for this reason we make use of it here; 
because, in order to know the ratio, we must divide a by (• The 
relation, expressed by this sign, is read simply, a is to h. 

387. Relation therefore is expressed by a fraction, whose 
numerator is the antecedent, and whose denominator is the con- 
sequent Perspicuity requires that this fraction should be always 
reduced to its lowest terms ; which is done, as we have already 
shewn, by dividing both the numerator and denominator by 
their greatest common divisor. Thus, the fraction 4| becomes 
|, by dividing both terms by 6. 

388. So that relations only differ according as their ratios 
are different ; and there are as many different kinds of geomet- 
rical relations as we can conceive different ratios. 

The first kind is undoubtedly that in which the ratio becomes 
unity ; this case happens when the two numbers are equal, as 
in 3 : 3 ; 4 : 4 ; a : a ; the t*atio is here 1, and for this reason 
we call it the relation of equality. 



Chap. 5. Of JlaHo$ amd JProporfum* 127 

Next follow those relations in which the ratio is another whole 
number ; in 4 : 2 the ratio is 2^ and is called double ratio ^ in 
12:4 the ratio is 3, and is called triple ratio ; in 24 : 6 the ratio 
is 4, and is called quadruple ratio^ &c. 

We may next consider those relations whose rMios are expres- 
sed by fractions, as 12 : 9, where the ratio is ^ or 1| | 18 : 27, 
where the ratio is |, &c. We may also distinguish those rela- 
tions in which the consequent contains exactly twice, tlirioe, &e^ 
the antecedent; such are the relations 6 : 12, 5 : 15, &c* the 
ratio of which some call, subduple, su6trip/e, &c. ratios. 

Further, we call that ratio rational^ which is an expressible 
number ; the antecedent and consequent being integers, as in 
11 : 7, 8 : 15, &c. and we call that an irrational or surd ratio, 
which can neither be exactly expressed by integers, nor by frac- 
tions, as in V5~: 8, 4 : v5"* 

389. Let a be the antecedent, b the consequent, and d the ra- 
tio, we know already that a and b bdng given, we find d = —• 



If tiie consequent b were given with the ratio, we should find 
the antecedent a=: bd, because b d divided by b gives d. Lastly, 
when the antecedent a is given, and the ratio d, we find the 

consequent ^ = -^ 9 for, dividing the antecedent a by the conse- 
quent , we obtain the quotient d, that is to say, the ratio. 
d 

390. Every relation a : b remains the same, though we multi- 
ply, or divide the antecedent and consequent by the same num- 
ber, because the ratio^is the same. Let d be the ratio of a:b, 

we have d = -r-; now the ratio of the relation nainhis also 


-T-=^d, and that of the relation — : ■— is likewise t- = <*• 
b n n b 

391. When a ratio has been reduced to its lowest terms, it is 
easy to perceive and enunciate the relation. For, example, when 

the ratio ^has been reduced to the fraction — , we say a : t = 

b ^ 

piq^azb ::p :q, which is read, o is to 6 as p is to q. Thus, 
the ratio of the relation 6 : 3 being 4, or 2, we say 6 : 3 = 2 : 1. 
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We have likewise 18 : t2 = S : £, and S4 : 18 s=:4 : S» and SO : 45 
s 2 : d» &c« Bift if tlie ratio cannot be abridged, the relation 
will not become nH>re evident ; we do not simpliry the relation 
by saying 9:7 = 9:7. 

392. On the other hand* we may sometime;? change the rela- 
tion of two very great numbers into one that Hhall be more 
simple and evident* by reducing both to their lowest terms. For 
example, we can bay 28844 : 144^2 = 2 : 1 ; or, 

10566 : 7044 = 3:2; or, 57600 : 25200 = 16:7. 

393. In order, therefore, to express any reiatiou in the clear- 
est manner, it is necessary to reduce it to the smallest possible 
numbers. This is easily done, by dividing the two terms of the 
relation by their greatest common divisor. For example, to 
reduce the relation 57600 : 25200 to that of 16:7, we have only 
to perform the single operation of dividing the numbers 57Q and 
252 by 36, which is their greatest common divisor. 

394. It is important, therefore, to know how to find the great- 
est common divisor of two given numbers ; but this requires a 
rale^ which we shall explain in the following chapter* 



CHAPTER VI. 

Of the greatest Common Divisor of two given numbers. 

395. Thebe are some numbers which have no other common 
divisor than unity, and when the numerator and denominator 
of a fraction are of this nature, it cannot be reduced to a more 
convenient form. The two numbers 48 and 35, for example, 
have no common divisor, though each has its own divisors. 
For this reason we cannot express the relation 48 : 35 more 
simply, because the division of two numbers by 1 does not 
diminish them. 

396. But when the two numbers have a common divisor, it is 
found by the following rule : 

Divide the greater of the two numbers bf the less ; next, divide 
the preceding divisor by the remainder; what remains in this 
second division will afterwards become a divisor for a third diviS' 
ion, in which the remainder tf the preceding division wiU be the 
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dividend. We rimst continne this operaiionf fiS we ttrrtee at a 
dhnsion that leaves no remainder^ the dvvisor of thi^ dhisionf and 
consequently the last dmsoTt vritt be the greatest coiAmon dtrisor of 
the two given numbers. 
See this operation for the two numbers 576 and ^5£. 
252) 576 (2 
504 

72) 252 (3 
216 

36) 72 (2 

72 

0, 
So tbaty in this instance^ the greatest common divisor is d6« 

397. It will be proper to illustrate this rule bj some ether 
examples* Let the greatest common divisor of the numbers <- 
504 and 312 be lequired. 

312) 504 (I ji|, 

312 

193)312(1 
192 

120) 192 (1 
120 

72) 120 (1 

72 

48) 72 (1 
48 

24) 48 (2 
48 

0. 
8o that 24 is the greatest common divisor, and consequently 
the relation 504 : 312 is reduced to the form 21 : 13« 

398. Let the relation 625 : 529 be given, and the greatest 
common divisor of these two numbers be required. 

EaU Mg. 17 
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529) 625 (I 
529 

96) 529 (5 
480 

49) 96 (1 
49 

47) 49 (I 
47 

a) 47 (2» 
46 

1)2(2 

C 

0. 
Wherefore 1 is^ in this case, the greatest common divisor, 
and consequently we cannot express the relation 625 : 529 by 
^less numbers, nor reduce it to less terms. 

399. It may be proper* in this place, to give a demonstration 
of the rule. In order to this, let a be the greater ai^ 6 the less 
of the given numbers i and let d be one of their common divisors y 
it is evident that a and h being divisible by d, we may also 
divide the quantities a -^ fr> a — 2 ft, a —^ 3 ft, and, in general 
a*— nftbyd. 

400. The converse is no less true i that is to say, if the num- 
bers ft and a-^n ft are divisible by d, the number a will also be 
divisible by d. For nh being divisible by d, we could not divide 
a — n ft by d, if a were not also divisible by d. 

401* We observe further, that if d be the greatest common 
divisor of two numbers, ft and a — nft, it will dso be the great- 
est common divisor of the two numbers a and ft. Since, if a 
greater common divisor could be found than d, for these num- 
bera, a and ft, that number would also be a common divisor of 6 
and a'^nhi and, consequently, d would not be the greatest 
common divisor of these two numbers* Now we have supposed 
d the greatest divisor common to ft and a — nh; wherefore d 
must also be the greatest common divisor of a and ft. 
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402. These three things being laid down* let ud divide^ 
according to the rule^ the greater number a by the less b ; 
and let as suppose the quotient = n ; the remainder will be 
Q'^nbf which must be less than b. Now this remainder a — nb 
having the same greatest common divisor with br as the given 
numbers a and ft, we have only to repeat the division* dividing 
the preceding divisor b by the remainder a — nb; the new 
remainder, which we obtain, will still have* with the preceding 
divisor, the same greatest comtaion divisor, and so on* 

403. We proceed in the same manner, till we arrive at a 
division without a remainder ; that is, in which the remainder 
is nothing. Let p be the last divisor, contained exactly a cer- 
tain number of times in its dividend ; this dividend will there- 
fore be divisible hyp, and will have the form mji; so that the 
numbers J), and mp, ai-e both divisible by p; and it is certain, 
that they have no greater common divisor, because no number 
can actually be divided by a number greater than itself. Con- 
sequently, this last divisor is also the greatest common divisor 
of the given numbers a and 6, and the rule, which we laid down, 
is demonstrated. 

404. We may give another example of the same rule, requir- 
ing the greatest common divisor of the numbers 1728 and £304^ 
The operation is as follows : 

1728) 2304 (I 
1728 

576) 1728 (3 
1728 

0. 
From this it follows, that 576 is the greatest common divisor, 
and that the relation 1728 : 2304 is reduced to 3 ; 4 ^ that is tp 
«ay, 1728 is to 2304 the same as 3 is to 4^ 



VL 
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CHAPTER VIL 

Of Oeometrical Proportions. 

405. Two geonetrical relations are equalt when tbeir ratio$ 
are equal. This eqaality of two relations is called a gtometrieal 
proportion; aad we write for eKawple^ a;ft = c:(^9 ora:(: zeid, 
to indicate that the relation a:6iieqaal to the relation c:d; 
but this is more simply expressed by saying* a is to £» as c to d 
The following is such a proportioot d : 4 ss 12 : 6 ; for the ratio 
of the relation 8 : 4 is 4, and this is also the ratio of the rela* 
tion 1£ : 6. 

406. So that azhsscid being a geometrical prqportioiif the 

ratio most be the same on both sides^ and -r = -^ ; and^ recipro- 

A C 

cally, if the fractions -7 and -^ are equal* we have a:b::c:d. 

40r. A geometrical proportion consists therefore of foor termsy 
such, that the first, divided by the second* gives the same quo* 
tient as the third divided by the fourth. Hence we deduce at 
important property* common to all geometrical proportionf 
which iSf that the produa 0/ tlie Jirst and the last term is ahvays 
equal to the product of the second and third ; or* more simply, that 
ike product of the extremes is equgH to the product rf the means. 

408. In order to demonstrate this property* let us take the 

c 
geometrical proportion a:b=iC:d,so that -r = -n-* If we mnl- 

bc 
tiply both these fractions by b, we obtain a => -?# &nd multiply- 
ing both sides further by d* we have ad:=zbc. Now a d is the 
product of the extreme terms* ft c is that of the means> and these 
two products are found to be equal. 

409. Reciprocally^ if the Jour numbers a* b* c* d* are such, thai 
the product of the two extremes a mul d is equal to the product of 
the two means b and c* we are certain tluit they form a geometric 

. cat proportion. For since a d = 6 c* we have only to divide both 

sides by ( d, which gives ^ n^ bd* ^^ 1^ 1* ^^^ consequent- 
ly a :(= c : d. 
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410. Ihefmr terms qf a gi(m^elrtcal prap^r^ 

may te transpoied in different troytf, witkatU destratfing the pro- 
portion. For the rule being altoaySf that the product of the ex- 
tremes is equal to theproductrfthe meansy or ad = b c^ Tc;e may say r 
!•«• b : a = d : c ; S*^' a : c = b ; d ; 5*^* d : b = c : a f 
4^r* d :c = b : a. 

411. Besides these four geometrical praportioiMif we may de* 
dure some others from the same proportion, a : ft = c : d. We 
may say 9 the first term, plus the seemidj is to the Jirst^ as the tMrd 
+ thefourUi is the third ; that is, a -f b : a ss c +d : c. 

We may farther say ; the first — the second is to the first as the 
third — thefourth is to the third, or a — ft ; a=zc — d : c. 

For, if we take the pr«iduct of the extremes and the means, 
we have ac — beszac-^ad, which evidently leads to the equal- 
ity a d = ft c» 

Lastly, it is easy to demonstrate, that a + ft : ft = c + d : d; 
and that a-— ft:ft = c — did. 

412. All the proportions which we have deduced from a : ft = 
e : d, may be represented, generally, as follows, : 

ma + nbipa + qbzszmc + ndipc + qd. 
For the product of the extreme terms ismp ac+npb e+m qad 
-f 71 qbd; which, since ad=::bc, becomesm p « c+np bc + mqbc 
+ nqbd. Further, the product of the mean terms is m p a c -f 
m qb c + np ad + n qbd; or, since a d = ft c, it is mp ac + mqbe 
-^npbc + nqbd ; so that the two products are equal. 

413. It is evident, therefore, that a geometrical proportion 
being given, for example, 6 : 3 = 10 : 5, an infinite number of 
others may be deduced from it. We shall give only a few : 

3: 6 = 5: 10; 6 : 10 = 3 5; 9 : 6= 15 ; 10; 
3:3 = 5: 5; 9 : 15= 3 : 5 ; 9 : 3 = 15 : 5. 

414. Since, in every geometrical proportion, the product of 
the extremes is equal to the product of the means, we may, 
when the three first terms are known, find thefourth from them. 
Let the three first terms be 24 : 15 =40 to . • • • as the product 
of the means is here 600, the fourth term multiplied by the first, 
that is by 24, must also make 600 ; consequently, by dividing 
600 by 24, the quotient 25 will be the fourth term required, and 
the whole proportion will be 24 : 15 = 40 : 25. In genera^ 
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therefore, if the three first terms area: ftsac:.... weputd 

for the anknown fourth letter i miA since ad = bCf we divide 

be 
both sides by a, and have d = — . So that the fourth term Is 

_ -f , and isfauiid by multiplying the second term by the thirds and 

dividing that product by the Jlr$t term* 

415. This is the foundation of the celebrated Bade of Thru in 
arithmetic ; for what is required in that rule ? We suppose three 
numbe^ given, and seek a fourth, which may be in geometrical 
proportion ; so that the first may be to the second, as the third 
is to the fourth, 

416. Some particular circumstances deserve attention here. 
First, if in two piropiniione the first and the third terms are the 

same^ as in a ; 6 = c : d, and a :/=:c : ;, I say that the two 
second and the two fourth terms wiU also be in geometrical propor^ 
OoUf and that b : d =/ : g. For, the first proportion being 
transformed into this, a : c = i : d, and the second into this, 
a : c =/ : g9 it follows that the relations b : d and/ : g are equal, 
since each of them is equal to the relation a : c. For example, 
if 5 : 100 = 2 : 40, and 5 : 15 = 2 : 6, we must have 100 : 40 
= 15 : 6. 

417. But if the two proportions are such, that the mean terms 
are the same in both, I say that the first terms will be in an 
inverse proportion to the fourth terms. That is to say, if a : 6 
zzc: df and/: b=.c:g9 it follows that a :f=ig : d. Let the 
proportions be, lor example^ 24 : 8 = 9 : 3, and 6 : 8 = 9 : 12, 
we have 24 : 6 = 12 : 3. The reason is evident ; the first pro- 
portion gives ad=:bci the second gives/|p = 6c; therefore, 
fl d =fg, and a :f=g : d, or a : g i:f: d. 

418. Two proportions being given, we may always produce 
a new one, by separately multiplying the first term pf the one 
by the first term of the other, the second by the second, and so 
on, with respect to the other terms. Thus, the proportions a : i 
=zc: d and e :/=g : A will furnish this, a e ; bf= eg : dh* For 
the first giving ad=zbc9 and the second giving e h z=:fg, we hav© 
also adeh^b cfg. Now a d e A is the product of the extremes, 
and b cfg is the product of the means in the new proportion } so 
that the two products being equal, the proportion is true. 
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419. Let the two proportions be» for example^ 6 : 4 is 15 : 10 
and 9 : IS = 15 : £09 their coqibinatioB will give the proportion 
6x9:4x 12 = 15X 15 : 10X20, 

or 54 : 4B = £25 : 200, 

or 9 : 8 = 9 : 8. 
. 420. We shall observe lastly, that if two products are equal, 
ad == 6c, we may reciprocally convert this equality into a geo- 
metrical proportion ; for we shall always have one of the factors 
of the first product, in the same proportion to one of the factors 
of the second prodoct^ as the other factor of the second product 
is to the other factor of the first product ; that is, in the present 
case, a: c^b: dfOV a;b=zc: d» Let 3x8=4x6, and we 
may form from it this proportion, 8 : 4 sc 6 : 3, or this, 3:4 = 
6:8. Likewise, if 3 x 5 = 1 x 15, we shall have ' 

3 : 15 =s 1 : 5, or 5 : 1 = 15 : 3, or 3 : 1 = 15 : 5. 



CHAPTER Vm. 

Observations on the Rtdes of Proportion, and their utility.' 

4S1. This theory is so useful in the occurrences of common 
life, that scarcely any person can do without it. There is always 
a proportion between prices and commodities ; and when differ- 
ent kinds of money are the subject of exchange, the whole con- 
sists in determining their mutual relations. The examples, 
furnished by these reflections, will be very proper for illustrating 
the principles of proportion, and shewing their utility by the 
application of them* 

422. If we vrished to know, for example, the relation between 
two kinds of money ; suppose an old louis d'or and a ducat ; we 
must first know the value of those pieces, when compared to 
others of the same kind. Thus, an old louis being, at Berlin^ 
worth 5 rix dollars*" and 8 drachms, and a ducat being worth 
S rix dollars, we may reduce these two values to one denomina- 
tion ^ either to rix dollars, which gives the proportion 1 L : 1 D 

• The rix dolUp of Germany is valued at 93 cents 6 mills, and a drachm is 
on^ twenty-fourth part of a rix dollar. 
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^ &| R : S R, or s= 16 : 9; or to dmchmst in wliich eue we 
have I L : 1 D s 1£6 : 72 s 16 : 9» - Tliese proportiong erU 
dently ^ive the tme relation of the old loais to the ducat ; for 
the equality of the pmdactB of the extremes and the means gives, 
in bothy 9 louis=: 16 ducats ; and, by means of this comparisoo, 
we may rhange any sum of old IcHiis into ducats, and vice versa. 
Suppose it were required to tell how many ducats there are ia 
1000 old louis, we have tfiis rule ot three. If 9 louis are equal 
to 16 ducats, what are 1000 louis equal to ? The answer will be 
1777^dufat8. 

If, oh the contrary, it were required to And how many old 
lottis d*or there are in 1000 docats, we have the followii^ pro-i 
portion. If 16 ducats are equal to 9 louis; what are 1000 
ducats equal to ? MswtTf 56S^ old kwis d'or. 

4^3. Here, (at Petersburg,) the value of the ducat varies^ 
and depends on the course of exchange. This course determines 
the' value of the ruble in stivers^ or Dutch half*pence» 105 of 
which make a ducat. 

So that ^iihen the exchange Is at 45 stivers, we have this pro- 
portion, 1 ruble : 1 ducat = 45 : 105 =3 : 7; and hence this 
equality, 7 rubles = 3 ducats. 

By this we shall find the value* of a ducat in rubles ; for 3 
ducats : 7 rubles = 1 ducat :•••.. dnswerf £| rubles. 

if the exchange were at 50 stivers, we should have this pro- 
portioil, 1 ruble : 1 ducat = 50 : 105 = 10 : dl, which would 
give £1 rubles = 10 ducats ; and we should have 1 ducat = ^^ 
rubles. Lastly, when the exchange is at 44 stivers, we have 1 
ruble : 1 ducat = 44 : 105, and consequently 1 ducat = Sji 
rubles = £ rubles 38^Tj. coperks.* 

424. It follows from this, that we may also compare different 
kinds of money, which we have frequently occasion to do in biUs 
4>f exchange. Suppose, for example, that a person of this place 
has 1000 rubles to be paid to him at Berlin, and that he wishei 
to known the value of this sum in ducats at Berlin. 

The exchange is here at 47|, that is to say, one ruble makes 
47| stivei*s. In Holland, SO stivers make a fiorin ; 3| Dtttch 
florins make a Dutch dollar. Further, the exchange of Holland 

* A copeck is -^ part of a ruble, as is easily deduced from the above. 
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yxiih Berlin is at 14ft, that is to say, for 100 Dutch dollars, 142 
dollars are paid at Berlin.> Lastly, the ducat is worth 3 dollars 
at Berlin. 

4£5« To resolve the questions proposed, let us proceed step 
by step. Beginning therefore with the stivers, since 1 ruble = 
47^ stivers, or 2 rubles = 95 stivers, we shall have 2 rubles : 95 
stivers = 1000 : • . • • AnsweVf 47500 stivers. If we go fur* 
ti;er and say 20 stivers : 1 florin = 47500 stivers : .... we shall 
'have 2375 florins. Further, £| florins = 1 Dutch dollar, or 5 
florins = 2 Dutch dollars ; we shall therefore have 5 florins : 2 
Dutch dollars s= S375 florins :•••• Answer^ 950 Dutch dollars. 

Then taking the dollars of Berlin, according to the exchange 
at 142, we shall have 100 Dutch dollars : 142 dollars =: 950 : 
the fourth term, 1349 dollars of Berlin. Let us, lastly, pass 
to the ducats, and say 3 dollars : 1 ducat = 1349 dollars : • . • . 
AnsweVf 449| ducats. 

426. In order to render these calculations still more complete, 
let us suppose that the Berlin banker refuses, under some pre- 
text or other, to pay this sum, and to accept the bill of exchange 
without five per cent, discount ; that is, paying only 100 instead 
of 105. In that case, we must make use of the following pro- 
portion ; 105 : 100 = 449| t a fourth term, which is 428^| 
ducats. 

427. We have shewn that six operations are necessary, in 
making use of the Rule of Three ; but we can greatly abridge 
those calculations, by a rule, which is called the Ride cf Reduc- 
tion. To explain this rule, we shall first consider the* two 
antecedents of each of the six operations. 

I. 2 rubles : 95 stivers. 

IL 20 stivers : 1 Dutch flor. 

IIL 5 Dutch flor. : 2 Dutch doll. 

lY. 100 Dutch doll. : 142 doHars. 

y. 3 dollars 1 Ducat. 

YI. 105 ducats : 100 ducats. 

If we now look oyer the preceding calculations^ we shall ob- 
serve, that we have always multiplied the given sum by the 
second terms, and that we have divided the products by the 
first ; it is evident thereforef that we shall arrive at the same 
Bid. Alg. 18 
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reflaltsy by mnltiplying, at once, the sum proposed by flie pro- 
dact of all tite second terms, and dividing; by the product of all 
the first terms. Or, which amounts to the same tbingf that we 
have only to make the following proportion ; as the product of 
all the first terms is to the product of all the second terms, so is 
the |3;iven number of rubles to the number of ducats payable at 
Berlin, 

428* This calculation is abridged still more, when amongst 
the first terms some are found that have common divisors with 
some of the second terms ; for, in this case, we destroy those 
terms, and substitute the quotient arising from the division by 
that common divisor. The preceding example will, in this 
manner, assume the following form.* 



Rubles li 

I 

r 

100. 
3. 



19t^ stiv. 1000 rubles. 

1 Dutch flor. 

4 Dutch dollars. 
\i% dollars. 

1 ducat. 
^^1^ ducats. 



"63^ 



2698 



8 = lO;^:— 



7) 26980. 
9) 3854 (2 

428 (2. AnsrvetTj 428 ff ducats. 

429. The method, which must be observed, in using the rule 
of reduction, is this ; we begin with the kind of money in ques- 
tion, and compare it with another, which is to begin the next 
relation, in which we compare this second kind with a third, 
and so on. Each relation, therefore, begins with the same kind, 
as the preceding relation ended with. This qieration is con- 
tinued, till we arrive at the kind of money which the answer 
requires ; and, at the end, we reckon the fractional remainders. 



• Divide the 1st and 9th by 2, the 3d and 12th by 20, the 5th and 12th 
(which is now 5) by 5, also the 3d and 11th by 5. 
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450. Other examples are added to facilitate the practice of 
this calcQlation. 

If ducats gain at Hamburg 1 per cent, on two dollars banco ; 
that is to say, if 50 ducats are worth, not 100, but 101 dollars 
, banco ; and if the exchange between Hamburg and Konigs- 
berg is 119 drachms of Poland ; that is^ if 1 dollar banco gives 
119 Polish drachms, how many Polish florins will 1000 ducats 
give? 

SO Polish drachma make 1 Polish florin. 
Dacat 1 : SJ^dnlL BMOOOduc. 
/ljl(/(,50 : 101 doll. B% 
I ^ : 119 PoL dr. 
SO : I Pol. flor. 



150^ : 12019 = 10^ due. 



3) 120190. 
5) 40063 (1. 

8012(3. ./2fwwer,8012|P.fl. 

431. We may abridge a little further, by writing the number, 
Whii^h'fortns the third term, lAoVe the second row; for then the 
product of the- second row, divided by the product of the first 
row, will give the answer sought. 

^stian. Ducats of Amsterdam are brought to Leipsick^ 
having in the fornier city the value* of 5 flor. 4 stivers current ; 
that IS to say, 1 ducat is worth 104 stivers, and 5 ducats are 
worth 26 Dutch florins. If, therefore, the agio of the hank* at 
Amsterdam' is 5 per cent., that is, if 105 currency are equal to 
ipo banco, and if the exchange from Leipsick to Amsterdam, 
in Ibank money, is 33^ per cent, that is, if for 100 dollars we 
pay at Leipsick 133^ dollars; lastly, 2 Dutch dollars making 
' 5 Dutch florins ; it is required to find how many dollars we 
must pay at Leipsick, according to these exchanges, for 1000 

ducats ? 

* 

* The difference of value between bank money and current money. 
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Ducats 5/ 



^:? 



S6 flor. Dutch curr* 
^9^9 ^^flor. Dutch banco. 
539 dolK of Leipsick* 
JL doii. banco. 



£1 : d)554S£(l. 



7)18477(4. 

2639* 
Answer 9 2639|4 dollars^ or 2639 dollars and 15 drachms. 



CHAPTER IX. 

OJ Compound ItelaHons. 

432. CoMFouiTB REi^ATioNs are obtained, by multiplying the 
terms of two or more relations, the antecedents by the antece- 
dents, and the consequents by the consequents; we say then^ 
that the relation between those two products is compounded of 
the relations given.. 

Thus, the relations aib, c : ^, e : f, give the compound rela^ 
tionac€ : 6d/.* 

433. A relation continuing always the same, when we divide 
both its terms by the same number, in order to abridge ijt^we 
may greatly facilitate the above composition by comparing the 
antecedents' and the consequents, for the purpose of making 
such reductions as. we performed in the last chapter. 

For example, we find the compound relation of the following 
^ven relations, thus ; 

* Each of these three ratios is said to be one of ibfi f^U of the eompound 
ratio. 
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Belatwns given. 

12 : 25, 28 : SS, and 55 i 56. 

^,/,2 ; 5,#. 

2 : 5. 
So that 2 : '5 is the compound relation required* 

434. The same operation is to be performed, when it id re- 
quired to calculate generally by letters ; and the most remark- 
able case is that, in which each antecedent is equal to the 
consequent of the preceding relation. If the given relations are 

a : b 

b : c 

c:d 

d : e 

e : a 
the compound relation is I : 1. 

4S5* The utility of these principles will be perceived, when 
it is observed, that the relation between two square fields is 
compounded of the relations of the lengths and the breadths. 

Let the two fields, for example, be A and B ; let A have 500 
feet in length by 60 feet in breadth, and let the length of B be 
360 feet, and its breadth 100 feet ; the relation of the lengths 
will be 500 : 360^ and that of the breadths 60 : 100. So that 
we hare 

>5 : 6,^ 



5:6 
Wherefore the field A is to the field B, as 5 to 6. 

436. Mother example. Let the field A be 721 feet long, 88 
feet bmad ; and let the Aeld B be 660 feet long, and 90 feet 
broad ; the relations will be compounded in the following man- 
ner. 

Relation of the lengths, /^^, 8 : 15 ,fl^fj(f6i 

Belation of the breadths, fffC jf", 2 : jH)/ 

Relation of tha fields A and B, 16 : 15. 
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4$7. Farther, if it be required to compare'two chambers with 
respect to the space, or contents, we observe that that relation 
is compounded of three relations; namely, of that of the 
lengths, that of the breadths, and that of the heights. Let there 
bi^ for example, the chamber A, whose length = 36 feet, breadth 
= 16 feet, and height =14 feet, and the chamber B, whose 
length = 42 (eet, breadth = 24 feet, and height = 10 feet ; we 
shall have these three relations ; 

For the length ^,/ : /f/t^* 

Forthebiieadth>^,/, 3 : 0f/i{. 

For the height /^, 2 : 5,^. 

4 : 5 

So that the contents of the chamber A : contents of the cham- 
ber B, as 4 : 5. 

4S8. When the relations, which we compound in this manner, 
are equal, there result multiplicate relations. Namely, two 
equal relations give a duplicate ratio or ratio of the squares; 
three equal relations produce the triplicate ratio or ratio of the 
cubes, and so on, for example, the relations a : ( and a : h give 
the compound relation aaibb; wherefore we say, that the 
squares are in the duplicate ratio of their roots. And the ratio 
a : b multiplied thrice, giving the ratio a' : 6', we say that the 
cubes are in the triplicate rat|o of their roots. 

439* Geometry teaches, that two circular spaces are in the 
duplicate relation of their diameters ; this means, that they are 
to each other as the squares of their diameters* 

Let A be a circular space having the diameter = 45 feet, and 
B another circular space, whose diameter = 30 feet ; the first 
space will be to the second, as 45 x 45 to 30 x 30 ; or, com- 
pounding these two equal relations, 

^,^,3 : 2,^;j». 
^,/,3 : 2,/,;jj». 

9:4. 
Wherefore the two areas are to each other as 9 to 4. 

440. It is also demonstrated, that the-solid contents} of spheres 
are in the ratio of the cubes of the diameters. Thus, the diame^ 
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ter of a globe A, being 1 foot, and the diameter of a globe B^ 
being 2 feet, the solid contents of A will be to those of B^ as 
1* : a* ; or, as 1 to 8. 

If therefore, the spheres are formed of the same substance^ 
the sphere B will weigh 8 times as much as the sphere A. 

441. It is evident, that we may, in this manner, find the 
weight of cannon balls, their diameters, and the weight of one^ 
being given^ For example, let there be the ball A, whose 
diameter = 2 inches, and weight = 5 pounds ; and, if the 
weight of tinother ball be required^ whose diameter is 8 inches^ 
we have this proportion, 2' : 8' = 5 to the fourth term, 320 
pounds, which gives the weight of the ball B. For another ball 
C, whose diameter = 15 inches, we should have^ 

2» : 15» = 5 : . • . .Answer, 2109| lb. 

442. If hen the ratio of two fractions, ^ ^ • t-» i^ requir* 

ed, we may always express it in integer numbers ; for we have 
only to multiply the fractions by b (f, in order to obtain the 
ratio ad :bCf which is equal to the other ; from which results the 

proportion -j : -r- =: adibc. If, therefore, ad and b c have com- 
mon divisors, the ratio may be reduced to less terms. Thus, 
II : If = 15 X 36 : 24 X 25 = 9 : 10. 

443. If we wished u> know the ratio of the fractions — and -? • 

a b 

it is evident, that we should have — : -r^ b : a; which is ex- 

II V 

pressed by saying, that two Jractums, which have unity for thHr 

numerator, are in the reaprocal, or iwverse ratio of their denomu 

nators. I%e same may be said rf two fractions, which have any 

c c 
common numerator; for — : — = 6 : a. But if two fractions have 

a b 

their denominators equal, as — . : — , they are in the direct ratio of 

c c *^ •' 

the numerators ; namely, as a : b. Thus, 4 : tV = A • tt = ^ s ^ 
= 2:1, and V : V = 10 : 15, or, = 2:3. 

444. It is observed^ that in the free descent of bodies, a body 
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falls iS^ feet in a second, that in two seconds of time it falls 
64 feet, and that in three seconds it falls 144 fe^t ; hence it is 
concluded, that the heights are to one another as the squares 
of the times ; and that, reciprocally, the times are in the sab- 
duplicate ratio of the heights, or as the square roots of the 
heights* 

If,, therefore, it he required to find how long a stone must 
take to fall from the height of 2304 feet ; we have 16 : 2S04 = 1 
to the square of the time sought. So that the square of the time 
sought is 144; and, consequently, the time required is 12 seconds. 

445. It is required to find how far, or through what height, 
a stone will pass, by descending for the space of an hour; that 
is, 3600 seconds. We say, therefore, as the squares of the times, 
that is, 1 * : 3600' ; so Is the given height = 16 feet, to the 
height required. 

1 : 12960000 = 16 : • . • . 207360000 height required. 
16 



77760000 
1296 



207360000 
If we now reckon 19200 feet for a league, we shall find this 
height to be 10800 ; and^ consequently, nearly four times greater 
than the diameter of the earth. 

446. It is the same with regard to the price of precious stones^ 
which are not sold in the proportion of their weight ; every 
body knows that their prices follow a much greater ratio. The 
rule for diamonds is, that the price is in the duplicate ratio of 
the weight, that is to say, the ratio of the prices is equal to the 
square of the ratio of the weights. The weight of diamonds is 
expressed in carats, and a carat is equivalent to 4 grains ; if, 
therefore, a diamond of one carat is worth 10 livres, a diamond 
of 100 carats will be worth as many times 10 livres, as the 
square of 100 contaiQs^ 1 ; so that we shall have, according to 
thejrule of three, 

« 15 is used in the original, as expressing the descent in Paris feet. It is 
here altered to Eqglish feet 
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1» : 100* £5 10 livpes, 
or 1 : 10000 Si 10 : ♦ . • . Mswer, 100000 lirTes. 
There is a diamond in Portugal, which weighs 1680 carats ; itfi 
price will be founds therefore, by making 
1» : 1680* = lOliV :... .or 
1 : 2823400 = H) : 28324000 liv. 

447. The posts or mode of travelling in France furnish exam- 
ples of compound ratios, as the price is according to the com- 
pound ratio (^ the number of horses, and the number of leagues, 
or posts* For example, one horse costii^ 20 sous per post, it 
is required to find how much is to bi» paid for 28 horses and 4| 
posts* 

We write first tlie ratio of horses, 1 : 28, 

Under tbra ratio we put that of the stages or posts, 2 : 9^ 

And, compounding the two ratios, we have 2 : 252, 

Or, 1 : 126 = 1 livre to 126 francs or 42 crowns. 
^^nather qiiestim. If I pay a ducat for eight horses, fol* 8 

German miles, how much must I pay for thirty horses for four 

miles 7 The calculation is as follows : 

■ ill kii iiiiiii li 

1 : 5, £3 1 ducat : the 4th term, which trill be 
5 ducats. 

448. The same composition occurs, when workmen are to be 
paid, since those payments generally follow the ratio compound- 
ed of the number of workmen, aiid that of the days which they 
have been employed. 

If, for example, 25 sous per day he given to one mason, and 
it is required to find what must be paid to 24 masons who have 
worked t6v 50 days ; we state this calculation ^ 

1 : 24 

1 : 50 



1200 == 25 : . • • • 1500 francs^ 
25 



20)30000(1500. 
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As, in such examples, five things are glrm^ the nrie, which 
serves to resolve them, is sometimes called^ in books of arith- 
metic^ The Rule of Five. 



CHAPTER X. 
(tf OeomeMcal ProgremoM. 

449. A SEBixs of numbers, which are always becoming a 
certain number of times greater or less, is called a geametriai 
progression, hecause each term is constantly to the following one in 
the same geometrical ratio. And the number which expresses 
how many times each term is greater than the preceding, u 
called the exponent Thus, when the first term is 1 and the 
exponent = 2, the geometrical progression becomes^ 

Terms 1854567 89 kc. 

Prog. 1, Zf 4, 8, 16, 32, 64, 128, 256, &c. 
the numbers 1, 2, 3, &c* always marking the place .which each 
term holds in the progression. 

450. If we suppose, in general, the first term ss a, and the 
exponent = b, we have the following geometrical progression ; 

I9 2, 3, 4, 5, 6, r, 8 • • • • n 
Prog* a, ah, a 6*, a J*, aft*, aft', a ft«, a ft^ • • • • a ft"~*. 
So that, when this progression consists of n terms, the last 
terra is = a h^K We must remaili: here, that if the exponent ft 
be greater than unity, the terms increase continually ; tf the ex- 
ponent ft ±= 1, the terms are all equal ; lastly^ if the exponent ft 
be less than 1, or a fraction, the terms continually decrease* 
Thus, when a = 1 and ft = |, we have this geometrical progres. 



11111 1 1 1. Aj* 

451. Here therefore we have to consider ; 
I. The first term, which we have called a. 
II. The exponent, which we call ft. 

III. The number of terms, which we have expressed by n. 

IV. The last term, which we have found = a 6"~^ 

So that, when the three first of these are given^ the last term is 



J 
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found, hj mdtiplyii^ tlie n — 1 power of &» or tF^\ by the first 

If, therefore, the 50th term of the gj^ometrical progression 
1, 2, 4, 8, &c. were required, we should have a = 1, 6 = 2, and 
fi = 50 ; consequently the 50th term = 2* ». Now 2 • being = 512 j 
S*« will be = 1024. Wherefore the square of 2^®, or 2««, = 
1048576, and the square wf this number, or 1099511627776 s 
£*«. Multiplying therefore this value of 2^* by 2^, or by 512, 
we bare 2^* equal to 5629499534213 12« 

452. Onh of the principal questions^ which occurs on this 
subject, is to find the sum of all the terois of a geometrical pro- 
gression ; we shall therefore explain the method of doing th»« 
I^et there be given^ firsts the following progression^ consisting of 
ten terms; 

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 
the sum of which we shall represent by 5, so that « = l -}. 2 + 
4 + 8 -f 16 + 32 + 64 + 128 + 256 + 512; doubling both sides, 
we shall have 2 s = 2 + 4 -f 8 + 16 + 32 + 64 -f 128 + 256 + 
512 + 1024. Subtracting from this the progression represented 
by s, there remains s = 1024 — - 1 = 1023 ; wherefore the sum 
required is 1023. 

453» Suppose now, in the same progression, that the number 
of terms is undetermined and r= n, so that the sum in question, 
or «, =£ 1 + 2 + 2* + 2» + 2* . . . . 2«-^ If we multiply by 2, 
we have 2^ = 2 + 2* +2' + 2* . • .. 2», and subtracting from 
this equation the preceding one, we have s^SL^ — 1. We see, 
therefore, that the sum required is found, by multiplying the last 
term, 2 ^\ by the exponent 2, in order to have 2", and subtract- 
ing unity from that product* 

454. This is made still more evident by the following exam- 
ples, in which we substitute successively, for n, the numbera 1, 2, 
3,4, &c. 

1 = 1 5l+2tc:S; 1+2+4 = 7; 1 + 2 + 4 + 8 = 15; 
1+2 + 4+8 + 16 = 31; I +2 +4 + 8 + 16 + 32 = 63, &c. 

455. On this subject the following question Is generally pro- 
posed. A man offers to sell his horse by the nails in his shoes, 
which lire in number 32 ; he demands 1 Hard for the first nail. 
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a A^r flie mo9^ 4 Cw 4he iMrd, a for 4bf tourthf nA so an»db. 
mandiiig for each nail twice the price af the preceding* It 19 
jrequired to find what weald be the price ef the horse 7 

This question is evidentlj reduoed. to finding the sqiq of sH 
the terms of the geometrical progression 1, 2» 4# S, I69 &c. eon., 
tinned to the 32d terin. Now this last term ia S' ^ | and» as «s 
hat^ alrendy. found &*^ s 1046576, and 2^^ m 10M» ve slial 
bavea^o X S^<^ =3£''' equal to 107S74\BM; and multiplyisg 
again by 2, the last term £^ ^ = £147488648 ; doubling there- 
fore this numbery and subtraciiig unitj from the product^ the 
■um required bacames 4204967£95 Itards. These liacds make 
10rsr4l8£3| sousp and dividing by £0, wie have 5S687Q91 livresi 
9 8ous» 9 deniers for the sfim required* 

456. liet the exponent now be » 3, and let it be ve^tired to 
find the sum of the geoipetrical pregression 1, 3, 9, £7, 8t, 243, 
729, consisting of 7 terms. Suppose it = s, so that 

S » I + 3 + 9 + 2:7 + 81 + 243 + 729 ; 
we shall then have, multiplying by 3, 

3 « = 3 + 9 + 27 + 81 + 243 + 729 + 2187 ; 
and subtracing the preceding series, we have 2 3 = 2187 •^ 1 =: 
2186. So that the double of the sum is 2186, and consequently 
the sum required = 1093. 

457. In the same progression, let the number of terms s n, and 
the sum = « 5 so that s=i+3 + 3»+3» +3* + ..... S^K 
If we multiply by 3, we have 3 s = 3 + 3» +3^ +3^ + • . . • 8", 
Subtracting from this the value of s, as all the terms of it» 
except the first, destroy all the terms of the value of 3 3, except 

the last, we shall have 25=33'*--'i: therefore s :;= . So 

2 

that the sum required is found by multiplying the last term by 
3, subtracting 1 from the product, and dividing the remainder 
by 2. This will apjiear, also, from the following examples ; 

3v27 1 
1 + 5 + 9 + 27 = -~ = 40 J I + 8 + 9 + 27 + 81 = 

3x81—1 _, 

r-rz = 121. 



^ 
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458. Let us now suppose^ generaUy, the flivt term aes a, the 
exponent = b, the number of terms :;:: %, and their sum = s, so 
that 

<a a ass aft -fa i* +ub^ +ah^ +. . » • aJf^. 
ir we multiply hy ft» we fiave 

i< s= oi 4- aft' -f ai^ + aM -f. a6' +• . • . ai^i aiid subtract- 
ing the iriiove equation, there remains (6-*"l) ss=at" — a; 

whence we easily deduce the sum. required s = "^ • Cmwe- 

qtttntbff the iwm of mty geometrical frogremm is found fry mttM« 
|%ti^ ^ btf^ term bff the exponent of the progressionf snktnusHng 
thejirst term from the product, and Atiiing the remainder by the 
exponent minus unity. 

4SG. IM there by a geometrical progrMtlon of seven terms» 

of which the first = S ; and let the exponent be s: d ; we shall 

then have a sx 3f ft =s d, and n = 7 ; wherefore the last term = 

3 X 2^, or 3 X 64 = 19i^; and the whole progression will be 

$f 6f Uf M, AS, 96, 19S. , 

Further, if we multiply the last term 19S by the exponent 2, 
we have 384; subtracting the first term there remains SSI ; 
and dividing this by ft — 1, or by 1, we have 381 for the sum of 
the whole progression* 

460. Again, let there be a geometrical progression of six 
terms ; let 4 be the first, and let the exponent be = |. The 
progression is 

4, 6, 9, V» V**4'- 
If we multiply this last term *^^ by the exponent |, we shall 
have Yt ; the subtraction of the first term 4 leaves the remain- 
der Yff * which divided by ft — I = |, gives •!* = 83|. 

461. When the exponent is less than 1, and consequently, 
when the terms of the progression continually diminish, the sum 
of such a decreasing progression, which would go on to infinity, 
may be accurately expressed. 

For example, let the first term = l, the exponent = ^, and 
the sum = «, so that 

» = 1 + 1 + i + i + tV + A + tV + *c . 
ad infinitum. 
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K we multiply by ft| we have 

ad infinitum. 

And, subtracting the precediag pregraMlonf there remains 
s = 2 for the sum of the proposed infinite progreesioii. 

462. If the first term ss 1, the exponent s iy-aad Hie sam 
=ss; so that 

s = 1 4- 1 + { + ^y 4- ^if 4- &c. ad infinitum. 
Multiplying the whole by S» we have 

3s=:3 + l-f.| + | + ,V + ^'<^ infinitum ; ' 
and subtracting the value of Sf there remains 2 « = S ; wherefore 
the sum 8 = \\. 

463. Let there be a progression, whose sum ts: 9, first term 
=s s, and exponent = | ; so that « = d + |-f-|-f||+ ^^1 -f 
&c. ad infinitum. 

Multiplying by 4, we havfj^s = l + a+l+l+fj^.^i 
4. &c. ad infinitum. Subtracting now the progression s, there 
remains ^ s = | ^ wherefore the sum required = 8, 

464« If we suppose, in general^ the first term = a, and the 

exponent of the progession = —9 so that this fraction may be 

less than 1, and consequently c greater than hi the sum of the 

progression carried on, ad infinitum, will be found thus.; 

u 1 , a6 , aft* ^ aft* . aA* « 

Malce s = a+— + — + ---4._^ + &c. 

Multiplying by — , we shall have 

b ab ab^ a6» aft* « ^ , • .^ 
— «= — - +— r + — r- 4 — - + &c. ad infinitum. 
e c c* c* c* 

And, subtracting this equation from the preceding, (here re- 
mains (1 )ssza. 



Consequently 3 = . ■ 



If we multiply both terms of this fraction by c, we have 

ac 

— r« The sum of the infinite geom^ical progression 



at 
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proposed is, therefore, found bj dividilig the first term a by 1 
minus the exponent, or by multiplying the first term a by the 
denominator of the exponent, and dividing the product by the 
same denominator diminished by the numerator of the exponent 
465. In the same manner, we find the Bulhs of progressions, 
the terms (rf which are altamately aflteted by the signs + and 
—V Let for exampk, 

ab aft* ab^ ab^ ^ 

Multiplying by — , we have 

c 

b^ _^ ttb^ ab^ ab^ B 

And, adding to this equation to the preceding, we obtain (!+-)« 
5= Om Whence we deduce the sum required $ = YZV ^^ ^ ^ 



c + 6* 

466. We see, then, that if the first term a = f, and the expo« 
nent = }, tbat is to say, b^2 and c = 5, we shall find the sum 
of the progression | + ^«j. + ^j + /*j + &c. = 1 ; since, by 
subtracting the exponent from 1, there remains I, and by divid- 
ing the first term by that remainder, the quotient is 1. 

Further, it is evident, if the terms be alternately positive and 
negative, and the progression assume this form 5 

the sum will be 




46r. Mather example. Let there be proposed the infinite 
progression, 

tV + TTir + Wts + TirliTT + TTTTnrrxr + *^* 

The first term is here -Z^, and the exponent is ^V* Subtract- 
ing this last from 1, there remains <j^^, and, if we divide the 
first term by this fraction, we have ^ for the sum of the given 
progression. So that taking <mly one term of the progression, 
namely -^^, the error would be ^. 
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Taking two tenas ^+'riyf^^fVtMn wooM stitt be 
wanting ^ to nake ttie sura s ^« 

468. Jtnother exampU. Let then be given tbe infinite pre* 
grewion, 

Tbe first tern is 9^ tbe exponent is ^. Se tb«t 1, niaiis tbe 
exponent) = ^^ ; andX = 10 the sum required. 

This series is expi^ssed by a decimal firacfion, tbus 9,9999999^ 
&c. 



CHAPTEH XL 

Of Infinite Decimal Fractions. 

469. It will be very necesmy to shew bow a viigar fraction 
may be transformed into a decimal fraction ; and^ conversely^ 
how we may express the value of a decimal fraction by a vulgar 
fraction. 

470. Let it be required^ in general, to change thefradum ^9 info 
a dednud fraction; a$ this fraction expresses the quotient of the 
division of the numerator a by the denominator h, let us vrntSf 
instead of a^ the qaanHty a^OOOOOOOy whose valnt does not at all 
differ from that of sl, since it contains neither tenth parts, nor hm- 
dredfh parts, ^c. Let us now divide this qmntUy by the number b, 
according to the commonrules tf division, cbservif^ to put the point 
in the proper place, which separates the decimal and the integers. 
This is the whole operation^ which We shall illustrate by some 
examples. 

Let there be given first the fraction ^, the dimion in deci- 
mals will assume this form^ 

g) 1,0000000 1 
0,5000000 ^ W* 
Hence it appears^ that | is equal to 0^5000000 or toO^S; 
which is sufficiently evident^ since this decimal fraction repre* 
sents -1^9 which is equivalent to |. 
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471. Let I be tke given fmcHon, and we have^ 

3) 1,0000000 g^ _1^ 

This shews, that the decimal fraction, whose value is == ^, 
cannot, strictly, ever be discontinued, and that it goes on ad 
infinitum, repeating always the number 3. Andj for this reason, 
it has been already shewn, that the fractions f\ -f -^ |^ + i-^^-g 
4. ^^I^if &c. ad infinitum, added together, make ^. 

The decimal fraction, which expresses the value of |, ia also 
continued ad infinitum ; for we have, 
3)2,6000000 , _£ 
0,6666t)66 3' 

And besides, this is evident from what we have just said, 
because | is the double of •!«. 

472. If 7 be the fraction proposed, we have 

4) 1,0000000 . 1 

■ r ■ &c. = — • 

0,2500000 4 

So that I is equal to 0,2500000, or to 0,25 ^ and this is evi- 
dent, since ^V + tvv = tW = i* 
In like mannei*, we should have for the fraction |, 
4) 3,0000000 _ 3 
0,7500000 "^ 4 • 
So that I = 0,75 ; and in fact ^V + tvit = tVtt = I- 
The fraction J is changed into a decimal fraction, by making 
4) g,0000000 _ 5 
1,2500000 "" 4* 

Nowl+fVTr=v 

473. In the same manner, J will be found equal to 0,2; | = 

0,4 5 I = 0,6; I = 0,8; I = 1 5 4^ = 1,2, &c. 

When the denominator is 6, we find i = 0,1666666, &c. which 
is equal to 0,666666 — 0,5. Now 0,666666 = |, and 0,5 = ^, 
wherefore 0,1666666 = f — | = |. 

We find, also, f =s 0,333333, &c. = ^ ; but | becomes 
0,5000000 = |. Further, f = 0,833333 = 0,333333 + 0,5, 
that is to say, ^ + 1 = |. 

474. When the denominator is 7, the decimal fractions be- 
come more complicated. For example, we find | = 0,142857, 
however it must be observed, that these six figures are repeated 
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continualljr. To be convinced, thertforei that (bis decimal 
fraction precisely expresses the value of ^f we may transform it 
into a geometrical progression, whose first term is = ^^^/J^ 
and the exponent = TVvVvTnr} ^^^' consequentlyf the sum 

(art,464)= — ^^5- (multiplying both terms by 1000000) 

^ 1498«7 ^ 1 
— TTTTTT — y 

475. We may prove, in a manner still more easy, that the 
decimal fraction which we have found is exactly ^^} for sub- 
stituting for its value the letter «, we have 

s = 0^142857140857142857, &C. 

10 S = 1, 42857142857142857, &C, 

100 s = 14, 2857142857142857, &C. 

1000 8 = 142, 857142657142857, &C. 

10000 s = 1428, 57142857142857, &C. 

100000 s = 14285, 7142857142857, &C 

1000000 s = 142857, 142857142857, &C. 

Subtract s= 0, 142857142857, &c. 



999999 s = 142857, 

And, dividing by 999999, we have s = t4|||^ = ^. Where- 
fore the decimal fraction, which was made = 3, is = |. 

476. In the same manner |. may be transformed into a deci- 
mal fraction, which will be 0,28571428, kc. and this enables us 
to find more easily the value of the decimal fraction which we 
have supposed = s; because 0,28571428 &c. must be the double 
of it, and, consequently, = 29. For we have seen that 
100 s = 14,28571428571 &c* 

So that subtracting 2 s = 0,285^1428571 kc. 

there remains 98 3 = 14 
wherefore « = ^ = ^ 

We aho find ^ s= 0,42857142857 &c. which, according to our 
supposition, must be = d ^ | now we have found that 

10 s = 1,42857142857 &c. 
So that subtracting Ss = 0,42857142857 &c. 

we have 7 « = 1, wherefore s s=\. 
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477. When a proposed fraction^ therefore^ has the donomina- 
tor 7f the decinnal fraction is infinite^ and 6 figures are con- 
tinn'aUy repeated. The reason is, as it is easy to perceive, that 
when we continue the division we must return, sooner or later, 
to a remainder which we have bad already. Now, in this divis- 
ion, 6 different numbers only can form the remainder, namely, 
1, e, 3, 4, 5, 6 ; so that, after the sixth division, at furthest, the 
same figures must return ; but when the denominator is such as 
to lead to a division without remainder, these cases do not 
happen. 

478. Suppose, now, that 8 is the denominator of the fraction 
proposed ; we shall find the following decimal fractions ; 

J =5 0,125 I I s 0,25 J I = 0,375 5 ^ = 0,5 j | = 0,625 ; 
I =c 0,75 5 I = 0,875 J &C. 

If the denominator be 9, we have } = 0,111 &c. | = 0,222 
&c. I = 0,333 &c. 

If the denominator be 10, we ^V = ^^^ > tV = ^>^ > tV = 
0,3. This is evident from the nature of the tiling, as also that 
^i^ = 0,01 ; that tVV = 0^37; that ^Viny = 0,256 ; that ^^jfi^j^ 
= 0,0024 &c. 

479. If 11 be the denominator of the given fraction, we shall 
have ^ = 0,0909090 &c. Now, suppose it were required to 
find the value of this decimal fraction ; let us call it s, we shall 
have i ss 0,090909, and 10 « s 00,909090 1 further, 100 s =^ 
9,09090. If, therefore, we subtract from the last the value of s, 
we shall have 99 « = 9, and consequently s = /^ = tt* ^^ 
shall have, also, ^\ = 0,181818 &c. ; ^\ = 0,272727 &c. ; -^j = 
0,545454 &c. 

480. There is a great number of decimal fractions, therefore, 
in which one, two, or more figures constantly recur, and which 
continue thus to infinity* Such fractions are curious, and we 
jihall shew how their values may be easily found. 

Let lis first su^pose^ that*a single figure is constantly repeat- 
ed, and let us represent it by 41, so that s s Otoaaaaaa. We have 

10 s == a^aaaaaaa 
and subtracting g = 0,aaamaa 

we have 9 « = a ; wherefore « = -§• 
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When two figures are repeated^ as a fr» we have $ = O^afioAoia. 
Therefore 100 $ = ah^vibabab ; and if we subtract $ from it^ there 

remains 99 s = a 6 ; consequently ^ = qt« 

When three figures, as a i c, are found repeated, we have 
$ mm OfObcabcabc; consequently, 1000 sszabctobcabc; and sub- 
tract s from it, there remains 999 s = aic; wherefore < = 

abc - 
_, and so on. 

Whenever, therefore, a decimal fraction of this kind occurs, 
it is easy to find its value. Let there be given, for example, 
0,296296, its value will be f |^ = -^V' dividing both terms by 2,7. 

This fraction ought to give again the decimal fraction pro- 
posed ; and we may easily be convinced that this is the real 
resuk, by dividing 8 by 9^ and then that quotient by S, because 
27 — 3 X 9. We have 

9) 8,0000000 

3) 0,8888888 

0,2962962, &C. 
which IS the decimal fraction that was proposed. 

481. We shall give a curious example by changing the frac- 
tion r— -^5 — 7i — :; — z — ^ ^ on — THf into a decimal frac- 
1X2x3x4x5x6x7x8x9x10' 

tion» The operation is as follows. 

2) 1,00000000000000 

3) 0,50000000000000 

4) 0,16666666666666 

5) 0,04166666666666 

6) 0,00833333333333 
r) 0,00138888888888 
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8) 0,00019841269841 i 

9) 0,00e024801587S0 J 
10) 0,00000275573192 ^ 

0,00000027557319. ■ ' 
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CHAPTER I. 

Of the SduUon ofPrMems in gentraL 

ARTICLE 482. 

The principal object of Algebra^ as well as oi all the parts 
of Mathematicsy is to determine the value of quantities which 
were before unknown. This is obtained by considering atten- 
tively the conditions given^ which are always expressed in 
kno^m numbers. For this reason Algebra has been defined, 
"Nie science whidt teaches how to determine unknown quantities by 
means cf known quantities. 

483. The definition, which we have now given^ agrees with all 
that has been hitherto laid down. We have always seen the 
knowledge of certain quantities lead to that of other quantities, 
which before might have been considered as unknown. 

Of this, addition will readily furnish an example. To find 
the sum of two or more given numbers, we had to seek for an 
unknown number which should be equal to those known num- 
bers taken together. 

In subtraction we sought for a number which should be equal 
to the diflTerence of two known numbers. 

A multitude of other examples are presented by multiplica- 
tion, division, the involution of powers, and the extraction of 
roots. The question Is always reduced to finding, by means 
of known quantities, another quantity tUl then unknown. 

484. In the last section also, diflTerent questions were resolved. 
In which it was required to determine a number^ that could not 
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be dedaced from the knowledge of other given numbers^ except 
under certain conditions. 

All those questions were reduced to findings by the aid of 
some given numbers^ a new number which should have a certain 
connexion with them ; and this connexion was determined by 
certain conditions, or properties, which were to agree with the 
quantity sought* 

485. When we have a question to resolve, we represent the imm* 
her sought by one of the last letters of the aiphabetp and tiien con^ 
sider in what manner the given condUians can form an equidity 
between two quantities. This equality, which is represented by 
a kind of formula, called an equationf enables us at last to deter- 
mine the value of the number sought, and consequently to resolve 
the question. Sometimes several numbers are sought} but 
they are found in the same manner by equations* 

486. Let us endeavour to explain this further by an example. 
Suppose the following question, or jirobfem was proposed. 

Twenty persons, men and women, dine at a tavern ; the share 
of the reckoning for one man is 8 sous,* that for one woman is 
7 sous, and the whole reckoning amounts to 7 livres 5 sous ; 
required, the number of men, and also of women 7 

In order to resolve this question, let us suppose that the num* 
ber of men is = a:; and now considering this number as known^ 
we shall proceed in the same manner as if we wished to try 
whether it corresponded with the conditions of the question* 
Now, the number of men being = x, and the men and women 
making together twenty persons, it is easy to determine the 
number of the women, having only to subtract that of the men 
from 20, that is to say, the number of women = 20 — :v. 

But each man si)ends 6 sous ; wherefore x men spend 8 x sous. 

And, since each woman spends 7 sous, SO i— a; women must 
spend 140 — 7x sous. 

So that adding together Sx and 140 — 7 rr, we see that the 
whole 20 persons most spend 140 + x sous. Now, we know 
already how much they have spent; namely, 7 livres 5 soos9> 
or 145 sous ; there must be an equality therefore between 140 

* A loag 18 ^ of a line ; a livre j- of a croum, or 17 cents 6 milU. 
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+ X and 145 ; that is to say, we have the equation 140 + x= 
14<^» and thence we easily deduce x=5. 
So that the company consisted of 5 men and 15 women. 

487. Anoihtr qaesHon of the samekindm 

Twenty persons^ men and women, go to a tavern ; the men 
spend 24 florins, and the women as much ; but it is found that 
each man has spent 1 florin more than each woman. Required, 
the number of men and the number of women i 

Let the number of men = x. 

That of the women will be == 20 — « x. 

Now these x men having spent £4 florins, the share of each 

. «4 ^ . 
man is — florins. 

X 

Further, the SO — x women having also spent 24 florins, the 

34 

share of each woman is — florins. 

20--* or 

But we know tiatt the share of each woman is one florin less 

than thai of each man ; if, therefore, we subtract 1 from the 

share of a man, we must obtain that of a woman ; and conse- 

24 24 
quently 1 = ^ . This, therefore, is the equation from 

which we are to deduce the value of x. This value is not found 
with the same ease as in the preceding question ; but we shall 
soon see that a: :=: 8, which value corresponds to the equation ; 
' for y — 1 = 41 includes the equality 2 = 2. 

488. It is evident how essential it is, in all problems, to con- 
sider the circumstances of the question attentively, in order to 
deduce from it an equation, that shall express by letters the 
numbers sought or unknown. After that, the whole art consists 
in resolving those equations, or deriving from them the values 
of the unknown numbers ; and this shall be the subject of the 
present section. 

489. We must remark, in the first place, the diversity which 
subsists aipong the questions themselves. In some, we seek 
only for one unknown quantiy i in others, we have to find two, 
or more ; and it is to be observed, with regard to this last case, 
that in .order to determine them all, we must deduce from 'the 
circumstances, or the conditions of- the problem, as many equa- 
tions as there are unknown quantities. 
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490. It nwtliaTe already been pepceived^ tbat an equation 
consists of two parts separated by the sign of equalityf =s, to 
shew that thoee two quantities are equal' to one another. We 
are often obMged to perform a great number <rf transformations 
on those two paits^ in order to deduce from them the value of 
ihe unknown quantity ; but these transformations must be all 
founded on the following principles ; that two quantities remain 
efwU, whe&er we add to thenh or subtract from them equal quanti- 
ties ; whether we multiply them, or divide, them by the same nvia* 
ieri wliether we raise them both to the same power, or extract 
their roots cfthe same degree. 

491. The equations^ which are resolved roost easily, are those 
in which the unknown quantity does not exceed the first power^ 
«ftor the terms of the elation have been pri^rly arranged ; 
and we call them nmpie equations, or equations of the first degree. 
But if» after having reduced and ordered an equation, we find in 

. it the square, or the second power of the unknown quantity^ it 
may be called an efiiotum of the Hotfnd degree, which is more 
difficult to resolve. 



CHAPTER IL 

(^the BesAutiion of Simple Equations, or EqumHons df the first 

degree. 

492. Whbk the numbw sought, or the unknown quantity, is 
represented by the letter x, and the equation we have obtained 
is such, that one side contains only tbat x, and the other simply 
a known number^ as for example, x ss 25, the value of x is 
already found. We must airways endeavour, therefore, to 
arrive at such a form, however complicated the equation may 
be when first- fcH*med.^ We shall give, in thex^ourse of this 
section, the rules which serve to facilitate these reductions. 

49S. Let us begin with tfaie simplest .cases, and su[^>ose, first^ 
that we have arrived at the equation a;-f9=:16; we see imote* 
diately that Xz=z7. And» in general, if we have fou^d x^a 
= b, where a and b express any known numbers^ we have only 
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to Mbtract a from beth sides, to obttn tbe oq«UiMxtf t= ft*h.a, 
whicb indicatm the Talue of a?. 

494. If the cquatidii whfeh ive hUte fiMnd isor-^^o^ti^ in 
add a to both sides, and obtain the Talite of irdii -f o^ 

We proceed ill the same niantier, if tiie oqiMtion has tUi 
form, at««AaKsaa*f 1; finr wo shall baro innoediatBij £&&=«• 
+ 11+1. r 

In this eqaation, ^~Saesi£0«^6«^#eivd fl&sS0-^6s 
+ 8 a , or 0? sr SO + f 6 • 

And in this,a; + 6ar=M + diif WehaToittxSO + Sis^^e^ 
or a? = 20 — 3 «• 

495. If the original equation has this fornix ar«*^a+bfee> 
we may begin by adding a to both shies, which wifl give a 4 
A.ss e + a; and tiien snfotraoting 6 from both siden^ we shall 
Aadx^tc+a-^h. Bat we might also add +a<^fr at once tt 
both sides ; by this we obtain immodiately xctc+a-^h 

8o in the following exam^es^ 
I f ir ^-« 12 a + d ft s: (I, wo h ave a^ =a d A -^ 3 k 
Ifo; — 3a+2ft=:25 + a + £6, we have rv ^ss £5 + 4 «• 
If a: — 9 +6a = 25 +2a, we havea? = 34— 4a. 

496. When the ecfuation whieh we have found has the form 

a a; = b, we only divide the two sides by a, and we have a? =-. 

s 

Snt if the equation has the form ant +6-^cs=d, wo mast lint 

make the terms that accompany ax vanish, by adding to both 

sides*— *b + c; and then dividing the new equation, a a; = d — 

J + c, by o, we shall have x=z -H-jLf. 

We should have found the same value by snbtractin^ + b-.-. c 
£rom the given equation ; that is, we should liate had, in the 

same form, ax^^d^^l + c, and x = -HI— Z-f , Hence, 

a 

If S<r + 5sxl7, we have2a;$3 12, and a? as ¥. 
If 3a;*^8s3r, weha^ 3j?33l5^ ahd j?=5. 
If 4;x? ~ 5-- 3 a s 15 + 9il^ we bave4a?=3:ft(>+ l£w,lmd,ton- 
«iequentiy> ar = 5 + 3 6. 

49r. When the first equation haS the form -= b, we multiply 

both sides by a, in order to have or == a ^. 



Xut if we hare - + 6 — c = (f, we murt first make — = d — ( 
fl a . . 

-{..c; after whj^h, wefindx=s(iI-r-64-c)a = ad — ah + c. 
Let 4 ^-^ l+ftox3S'4-%we have ^ a? ^ 4 '^ a* mid or as 

Let ^ . — ' 1 = a, we have — ^^ =: a + 1, and x = aa — 1. 
ii-r- 1 a — 1 

498. ^Pfhen we have arrived at such an eqaation^ as ^ = c, 
we fin»t QiHltipiy by 6f in order tp b4ve ax^^bc, and then divid- 
ing by a, we find x = — • 

If fLf —. = d, we begiii by giving the eqaatten this form ^~ 
= d + Cf after which we obtain the value of ax==bd + bc, and 
that of «=*<* + ** 



a 



Let i|s suppose f op — 4 = 1, we shall have ^ x=sS, and 3 or 
== 15 ; wherefore a: = y , or 7|. 

If 3 ,-j. ^1 --.5^ ^e have |a; = 5 — 1 = |; wherefore Sxz^ 
I89 afid a:=?6. 

499» Let us now consider the case, which ms^y frequently 
occur, in which two or more terms contain the letter x, either 
on one side of the equation or on both. 

If those terms are all on the same side, as in the equation x + 
|a7-f-5 = ll,we have or -f- ^ a? = 69 or Sa7= 12, and) lastly, x =4. 

Let x + ^x + -I X =44, and let the value of x be required : 
if we first multiply by S, we have 4ar+|x=s 132; then multi- 
plying by 2, we have 11 ir= 264 ; wherefore ar = 24, We might 
have proceeded more shortly, beginning with the reduction of 
the three terms which contain Xt to tha single term yx; an4 
then dividing the equation yx = 44 by 11^ we should have 
had I a;= 4, wherefore x = 24. 

Let I a? — i^ + ^^acssl, we shjall bftve^ by redaction^ -/^ x 
= 1> anda:^ = 2|. 
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Letf more geoerallyy a or — bx + cx = d; ikisis UiesameaA 

(a — b + c) x=zdf whence we derive x = j-- — . 

dOO. When there are terms containing x on both aides of the 
equation^ we begin by making such terms vanish from the side 
from which it is most easily done ; that is to say^ in which there 
are fewest of them. 

If we havCf for example, the equation S x-+ £ s a; + lOf we 
iDUst first subtract x from both sides, which gives 2 a; -f 2 = 10 ; 
wherefore 2 a: = 8, and ar = 4. 

Leto: 4-4 = 20 — x; it is evident that 207 + 4 = 80; and 
consequently 2 or = 16, and or = 8. 

Let a: + 8 = 32 — 3 or, we shall have 4ar -f 8 = 32 : then 4x 
= 24, andap=6. 

Let 15 — a: = 20 — 2x, we shall have 15 + a? = 20, and 

X=z5. 

Let l+a;=5~|a?, weshall have l-f.|a? = 5; after that 
|rr=;:4; Sa: = 8^ lastly, a; = | = 2 1. 

If I — 7^ = T — io:, we must add ^ x, which gives | = ^ -f 
^j X ; subtracting ^, there remains ^\ a: = |, and multiplying by 
12, we obtain a; =2. 

If 1| — 4a: = ^ + |a;, we add |a?, which gives i| = J + Ja:. 
Subtracting ^, we have | a: = 1^^ whence we deduce x = lyV^ 
-lif by multiplying by 6, and dividing by 7* 

501. If we have an equation, in which the unknown number 
a; is a denominator, we must make the fraction vanish, by multi- 
plying the whole equation by that denominator. 

100 

Suppose that we have found 8 = 12, we first add 8, and 

X 

have = 20j then multiplying by or, we have lOO = 20 a? ; 

and dividing by 20, we find x=z5. 

Let ^-£±1 = 7. 
or— 1 

If we multiply by a:— 1, we have 5a? + 3 = 7'a? — 7. 

Subtracting 5 x, there remains 3 = 2 a? — 7* 

Adding 7, w& have 2 a; = 10. Wherefore x^5n 
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' BQ%. SamMnneB^ akoy.raflical signs ftrefsanija equtimis of 
the first degree* For example, a number, or bekm 100 is re- 
qnired, and sucb, that the square root of 100 — x maj be equal 
toS^or v'cioo— a:) = 8; the square of bolfa . sides^will be 100 
-^ sahz 64f and adding x we have 100 :» 64 4- or; whence w^ 
obtain a? = 100 — 64 = 36. 

Or, since 100 — a; =: 64, we might have subtracted 100 from 
bdth sides ; and we should then have had — a; =-^ 36 ; whence 
multiplying by --^ 1, a?s 86. 



CHAPTER III. 

(^the Solution of (Questions relating to the preying duipter. 

< 503. quesHwi I. To divide 7 into two such parts, that the 
greater may exceed the less by 3« 

Let the greater part = x^ the less will be = 7 — x; so that 
a?r=7— a; + 3, ora:=10 — ar; adding x, we have 2a:=: 10; 
and, dividing by 2, the result is or = 5. 

^ Answer. The greater part is therefore 5, and the less is 2. 
^ Question II. It is required to divide a into two parts, so that 
the greater may exceed the less by b. 

Let the greater part = a:, the other will be a — x ; so that 
x=^a — x + b; adding or, we have 2 a; = a + 6 ; and dividing 

JBtnother Solution. Let the greater part = or ; and, as it ex- 
ceeds.the less by (, it is evident that the less is smaller tb^n the 
other by b, and therefore must be = x -^ (• Now these two 
parts, taken together, ought to malLe a ; so that 9,x — fr =: a ; 

adding t, we have 2 a: = a + 6, wherefore a? = " J" , which is 

the value of the greater part i that of the less will be ^-~ 5, 

fl + 6 2* a — h 

504. ^yLCilvm III. A father, who has three ifons, leaves them 
1600 crowns. The will specifies, that the eldest shall have 200 
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crovMmoreibnOesocoad* asd Oat iha momA ilHtU htve 
100 crowns BMMnB than the ymngost Beqairedtheabareoreach? 
Let the share ef the third aoa ^x; thea, that ef the secmHl 
wfUbe^s^r+lOOyaadthatof theflrst^xOP + SOO. Now tbeae 
three shares make op together 1600 qrewiis. We bav^ 
therefore. 

S or 4.400 a: 1600 
SJ^alMO 
and;vs 400. 
M9wer. The share of the youngest is 400 crowns ; that oF 
the second is 500 crowns ; and that of the eldest is 700 crowns. 

505. ^uestum lY* A father leai^es four sons^ and 8600 Uvres ; 
according to the will^ the share of the eldest is to be double that 
of the second, minus 100 livres ; the second is to receive Aree 
times as much as tlie third, minus &00 livres ; and tlie third is 
to receive four times as much as the fqurtb,. minus 91)0 Uvr^ 
Bequired, the respective portions pf these four sens. 

Let us call sc the portion c^ the youngeiit ; that of the third 
son will be = 4a? — dOO; that of the second ts u :v — ll00,aad 
that of the eldest 9= £4 « — 2300. The sum of these four shares 
must make 8600 livres. We have, tberefore» the ei|aatten 41 x 
— 3700 = 8600, or 41 07 = I2SOO9 and ^ si SOO, 

Mnver. The youngest roust have SOO Uvres, the third son 
900, the second 2500, and the eldest 4900. 

506. questim. V. A man leaves 1 1000 crowns to be divided 
between his widow, two sons, and three daughters. He Intends 
that the mother should receive twice the share of a son, and each 
son to receive twice as much as a daughter. Bequired, how 
much each of them is to receive 2 

Suppose the share of a daughter s x, that of a sen is conse* 
quently = 2«,andthatofthe widow = 4a?; the whole inheritance 
is therefore 3 a? + 4a? + 4a? ; so that 11 a? = 11000, and x = 1000. 

Jlnswer, Each daughter receives 1000 crowns, 

So that the three receive in all 3000 

"^ Each son receives 2000 crowns. 

So that both the sons receive 

And the mother receives 

Sum 11000 crowns. 



507. ((uegtum VI. A fikther iiHtiidfi, hy h\» wtt, thut his 
three sons should shura Ms |»rop0rfy i» the fi>Uii#JDg nttnner ; 
the eldest is to receive 1000 crowns less thmii hftit the whole 
fortune; the second is to receiv» 000 erowM less than the third 
of the whole property i mA the third is to hare 600 crowns less 
than the fourth of the property. Required, the sum of the whole 
fortune, and the portion of each soil i 

Let us express the fortune by a?. 

The share of the first son is ^ <r — 1000 ' 
That of the second ^o?— 800 

Itiitofthetliifd' \x^ «00. 

. So thai thte three sons rtcieivi in all ^x+^s)^^(t^2A0O, 
and this sum must he equal to x. 
Ife hate, therefore,' the equatfott ^v ^ ^^ 9400 ss x. 
Sobtrating x^ there remains, j\ x — 2400 ^ 0* 
Adding 2400, we have ^\sc::^Mm. Lastly multiplying by 
12, the product is x equal to 26d00. 
.Answer. The fortune coitslBts of 28800 crowns, and 
The eldest of the sons i^eives 13400 crowns 
The second 8S00 

Tho youngest 6600 

28S00 crowns. 

508. (pusHon VIL A father leaves four sons. Who share his 
property in the following manner : 

The Ifirit takes the half of the fortaiie, nAnus SOOO livres* 
The second takes the third, minus 1000 livres. 
^he third lakes exactly the fourth of the property. 
The fourth takes 600 livres, and the fifth part of the property. 
What was the whole fortune, and how much did each son 
receive ? 
liet the whole fortune be = a? ; 

The eldest of the sons will have | a? — 3000 

The second ^x — 1000 

The third J a? 

The youngest ^x + 600. 

The four Will have received in all \x +^x+^x + ^x — 
M00| which must be^ual to x. 
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Whence r«8ulto the eqQation ii(v*^ 8400 ;s a? j . 
. Sabtracting ^t we have |^ <r — 3400 s ^ 
Addii^ 9400» we have |^ a? = 3400 ; ' 
Dividing by ir^ we have ^V ^ ^ ^^^^ 
Multiplying hy 60^ we have x as ISOQOt 
•la^i&er. , The fortune consisted qf 12000. Uvre0. 
The first son received 3000 

The second - 3000 

The third . . 3000 

The fourth .3000 

509. Questum YIII. To find a number. such, that if we add 
to it its haiff the sum exceeds 60 by a3 much as the nuniber itself 
is less than 65. 

Let the mimber s^r* then2;-f|a;p^60^65<— «r; that is to 
say |a? — 60 = 65~a?; 

Adding £• we have 40? — 60 = 65^ 
Adding 60, we have | a? = 125 ; 
Dividing by 5, we have ^ 1; = 25 ; 
Multiplying by £9 we have x ss 50. 
Answer. The number sought is 50. 

dlO. (fuestion IX. To divide 32 into two such parts^ that if 
the less he divided by 6, and the greater by 5> the two quotients 
taken together may make 6. 
Let the less of the two parts sought = a? ; the greater will be 

= 32 — - 27 ; the first, divided by 6, gives ^ ; the second, divid- 
ed by 5, gives — p— ; now, ~ + ^ ~ =6. So that multiilf- 

ing by 5, we have f a? + 32 — a? = 30, or — | a? + 32 = 30. 

Adding ^ a?, we have 32 = 30 + 1 a?. 

Subtracting 30, there remains 2 = | x. 

Multiplying by 6, we have a? = 12. 

Answer. The two parts are ; the less = 12, the greater = 20. 

511. Question's.. To find such a number that if multiplied 
by 5, the product shall be as much less than 40, as the number 
itself is less than 12^ 

Let us call this number x. It is less than 12 by 12 — r« 
Taking the number x five times, we have 5'x, which is less thait 
40 by 40 •— 5 a?, and this quantity must be equal to 12 — x. 
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We faaFe therefore 40 -« 5 « s 12 ~^« 

Adding 5 dr, we have 40 =s 12 +4«. 
. Subtracting \%f we have 28 = 4 a?. 

Dividing by 4, we have x = 7^ the number 8oagbt« 

112. (fuesUon XL To divide 25 into two such parts, that the 
greater mny contain the less 49 times* 

Let the less part be = a;, then the greater will be = 25 — x. 

The latter divided by the former ought to give the quotient 49 j 

25 — :r 
we have therefore — _«• = 49. 

X 

Multiplying by a?, we have 25 — a? = 49 ». 

Adding d? 25 =50 a?. 

And dividing by 50 a? = \. 

Mswer. The less of the two numbers sought is |, and the 
greater is 24| ; dividing therefore the latter by |y or multipijing 
liy 2, we obtain 49. 

513. ^vLOium XIL To divide 48 into nine parts, so that 
every part may be always | greater than the part which pre- 
cedes it* 

Let the first and least part = a?, the second will be = a?4.|, 
the third = a? + 1, &c. 

Now these parts form an arithmetical progression, whose 
first term =d7; therefore the ninth and last will be=«r4-4» 
Adding those two terms together, we have 2 a? 4-4 ; multiplying 
this quantify by the number of terras, or by 9, we have l%x + 
:36 1 and dividing this product by 2, we obtain the sum of all 
the nine parts = 9 a? + 18 ; which ought to be equal to 48. We 
bave, therefore, 9 oet + 18 = 48* 

Subtracting 18, there remains 9 a? = 30; 

And dividing by 9^ we have a? = S|. 

Answer. The first part is 3^, and the nine parts succeed in 
the following order : 

123456/89 

which together make 48. ' 

514. ^iiestnmXIIL Ta find an arithmetical progression, 
whose first term = 5, last = 10, and sum = 60* 

Here, we know neither the differences nor the number of 
Bid. Mg. 22 
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terms ; but we know that the first and the last term wo«ld ( 
ble us to express the som of the prop^essioiif provided only the 
number of terms was given. We 8hall» thereforet auiyooe this 

numbers or, and express the sum of the progression by^^; 

now we know also that this sum is 60 ; so that ~^- = 60 ; ^x 

= 4t and 2; = 8* 

Now, since the number of terms is 8, if we suppose the diifer- 
ence = %9 we have onlj to seek for the eighth term upon this 
supposition, and to make it = 10. The second term is 5 -|. s;, 
the third is 5 + S«,.and the eighth is5+T»} so that 

5+796z=l10 

7«= 5 
and»= 4- 
Mmcer. The difference of the progression is f, and the 
number of terms is 8 ; consequently the progression is 
12345678 
5 + 54+6| + 7| + 7| + 84 + 9«+10 
the sum of which = 60. 

515. ^lustion XIY. To find such a number, that if 1 be 
subtracted from its double^ and the remainder be doubled, then 
if 2 be subtracted, and the remainder divided by 4, the number 
resulting from these operations shall be 1 less than the number 
sought. 

Suppose this number = a? ; the double is 2 a? ; subtracting 1, 
there remains 2 07 — 1^ doubling this, we have 4 0?'— 2; sub- 
tracting 2, there remains 4x — 4; dividing by 4, we have 
07 — I; and this must be one less than 0? ; so that, 
X — 1 = 0? — 1. 

But this is what is called an identical equation ; and shews that 
X is indeterminate ; or that any number whatever may be sub- 
stituted for it. 

516. Question XY. I bought some ells of cloth at the rate of 
7 crowns for 5 ells, which I sold again at the rate of 11 crowns 
for 7 ells, and I gained 100 crowns by the traffic. How much 
cloth was there ? 

Suppose that there were 0; ells of it ; we must first see how 
much the cloth cost* This is found by tho following proportion ; 
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If five elb cost 7 crowns ; what do x ells co9t i 

Mswer^ | x crowns. 

This was my expenditure. Let us now see my receipt : we 
must make the following proportion ; as 7 ells are to 11 crowns^ 
so are a: ells to y x crowns. 

This receipt ought to exceed the expenditure by 100 crowns $ 
we have^ therefore, this equation. 
ya:?=Ja: + 100; 

Subtracting | Xf there remains ^%. x = 100. 

Wherefore 6 a: = 8500, and x = 58S|. 

jSimrer. There were 58S| ells, which were bought for 81 6| 
crowns, and sold again for 91 6| crowns^ by. which means the 
profit was 100 crowns. 

5ir« Question XYI. A person buys 12 pieces of cloth for 140 
crowns. Two are white^ three are black, and seven are blue. 
A piece of the black cloth costs two crowns more than a piece of 
the white, and a piece of blue cloth costs three crowns more than 
a piece of Mack* Required the price of each kind ? 

Let a white piece cost x crowns ; then the two pieces of this 
kind will cost fix. Further, a black piece costing x + 2p the 
three pieces of this colour will cost Sx + 6. Lastly, a blue 
piece costs x + 5 ; wherefore the seven blue pieces cost 7 x + 
S5. So that the twelve pieces amount in all to lZx + 41. 

Now, the actual and known price of these twelve pieces is 
140 crowna ; we have, therefore, 12x4-41=: 140, and 12 a; = 
99 ; wherefore a? = 8 J ; 

So that a piece of white cloth costs 8^ crowns ; a piece of black 
cloth costs \0| crowns, and a piece of blue cloth costs 13^ crowns. 

518. Question XYIL A man, having bought some nutmegs, 
says that three nuts cost as much more than one sous as four cost 
him more than ten liards : Required^ the price of those nuts ? 

We shall call x the excess of the price of three nuts above one 
sous, or four liards, and shall say ; If three nuts cost x +4 
liards, four will cost, by the condition of the question, a: -f- 10 
liards. Now, the price of three nuts gives that of four nuts in 
another way also, namely, by the rule of three. We make S : x 
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fore ;e+ 16s SO* 
and X s 14« 

Answer. Three nuts coet 18 Uards^ and four cost 6 soas j 
wherefore each cost 6 liards. . 

519. ^ae^Hoii XVIIL A certain penen has two aihrer cnps, . 
and only one cover for hoth. The ftrat cup weighs 12 oances^ 
and if the cover be put on it^ it weighs twice as amch as the 
other cup ; but if the other cup be covered^ it weighs three tines 
as much as the first : Reqaired» the weight of the second cup 
and that of the cov.er? 

Suppose the weight of the covers or ounces; the first cup 
being covered will weigh x + 1£ ounces. Now this weight 
being double that of the. second cupt this cup must weigh ^ a;-{.& 
If it be covered^ it will weigh | a: + 6 ; and this weight ought to 
be the triple of 13, that is» three tines the weight of the fint 
cup. We shall therefore have the equation fa;4.6=3S6^or|a 
ss30; wherefore 1 0^=10 and xs 80. 

Antwerp The cover weighs fiO ounces, and flie second cup 
weighs 16 ounces. 

5£0. ^^mtkn XIX. A banker has two kinds of change } 
there must he a pieces of the first to make a crown ; and there 
ttost be h pieces of the second to make the same sum. A per- 
son wishes to have c pieces for a crown ; how many pieces of 
each kind must the banker give him ? 

8iq)poBe the bank<»r gives m pieces of the ftn^ kind ; it is evi- 
dent that he will give c — arpieces of the olh<»- kind. Now, the x 

pieces ofthe first are worth ^ crown, by the proportion a : I =: 

X '^ 

XI-; and the c — ar pieces of the second kind are worth ^^^ 

crown, because we have i^ : 1 = c — ^ or : — r^. So that ~ 4- 

a 

-ax =z ab; or 
rather,frar-^aa7=aft-- as; whence we have or = ^^-^^^^^^1^, or 



b^^a * ^ h — a . b — a 

Mswer. The banker will give ^^ "^^ ^ pieces of the first kind^ 

and \ "^ ^' pieces of the second kind. 
6—11 '^ 

Mamrlu These two rawbein are easily found by the rule of 

three» when it is required to apply the residts which we have 



obtained. To find the first we say ; ft — a\h — c^a. . 

0— a 



-''• h-a • 

The second number is found thus : fr— a:c-^a=:b: i , 

— a 

It ought to be observed also that a is less than h and that c 
is also less than b; but at the saaie time greater than a> as the 
nature of the thing requires. 

521. ^egttoit XX» A banker has two kinds of change ; 10 
pieces of one make a crown, and 20 pieces of the other make a 
crown. Now, a person wishes to change a crown into 17 
pieces of money : Huw many of each must he have 2 

We have here a =s 10, 6 =20, and c = 17 j which furnishes 
the following proportions; 

I. 10 : S = 10 : 3, so that the number erf pieces of the first 
kind is 3. ' 

II. 10 : 7 = 20 : 14, and there are 14 j^eces of the second 
kind. 

522« (fwesHon XXI. A father leaves at his death sev^al 
•hildren, who share bis property in the following manner ; 

The first receives a hundred crowns and the tenth part of the 
remainder. 

The second receives two hundred crowns and the tenth parf of 
what remains. . 

The third takes three hundred crowns and the tenth part of 
what remains. 

The fourth takes four hundred crowns and the tenth part of 
what then remains, and so on. 

Now it is found at the end, that the property has been divid- 
ed equally among all the children. Required, how much it was, 
bow many chiMren there werei and how much each received l 
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This qpiestlon is rather of a singular nature, ani therefore 
deserres particular attention. In order to resolve it more easiljf 
we shall suppose the whole fortune = x crowns ; and since all 
the children receive the same sum, let the share of each = x, by 

which means the number of children is expressed by ~. This 

being laid down, we may proceed to the solution of the question^ 
which will be as follows. 



Portion of each. 



8«m,orpTO 


Order or 

the 
CUMmb. 


% 


l* 


X'^ X 


2f 


«— 2a? 


3* 


% — 3 a? 


4*. 


> 
« — 4 « 


5*- 


« — 5* 


6«k- 



10 J 




:400 + 



0? = 500 + 
07 = 600 + 



10 
a?— 4aN— 500 

to 

» — 5av-C00 
10 





V 


^ 


100 — 


^r— 100 
10 


= 


inn 


or^IOO 


= 

= 


100 — 


10 
X— 100 



10 
and so on. 



We have inserted, in the last column, the differences which 
we obtain by subtracting each portion fi*om that which follows. 
Now all the portions being equal, each of the differences must 
he =0* And as it happens that all these differences are express- 
ed exactly alike, it will be sufficient to make one of them equal 

^— 100 
to nothing, and we shall have the equation 100 — 



10 



= 0. 



Multiplying by 10, we have 1000 — x — 100 = 0, or 900 — x 
= ; consequently x = 900. 

We now know, therefore, that the share of each child was 
900 crowns ; so that taking any one of the equations of the 
third column, the first for example, it becomes, by substituting 

the value of a?, 900 = 100 + ^-^ — > whence we immediatdy 

obtain tlie value of ^ 5 for we have 9000 = 1000 +c6^^ 100, or 



9000 s 900+ «; wherefore »ss 8100^ and consequently— = 9* 
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Mswer. So that the number or children = 9 ; the fortune 
left by the father = 8100 crowns ; and the share of each child 
=s 900 crowns. 



CHAPTER IV. 

Of ihe SesdiiHon$ oj two or more Eqaation$ of the First Degree, 

523. It frequently happens that we are obliged to introduce 
into algebraic calculations two or more unknown quantitieSf 
represented by the letters Xft/fCc; and If the question is deter« 
minate, we are brought to the same number of equations ; from 
which, it is then required to deduce the unknown quantities. 
As we consider, at present, those equations only which contain 
no powers of an unknown quantity higher than the first, and no 
products of two, or more unknown quantities, it is evident that 
these equations will all have the form a%+by + cx:=zd. 

524. Beginning* therefore, with two equations, we shall en- 
deavour to find from them the values of x and y. That we may 
consider this case in a general manner, let the two equations be, 
I. a a- + J y = c, and II. fx + ^ y = A, in which a, b, c, and/, g, 
h are known numbers. It is required, therefore, to obtain, from 
these two equations, the two unknown quantities x and y» 

525. The most natural method of proceeding will readily 
present itself to the mind ; which is to determine, from both 
equations, the value of one of the unknown quantities, x for 
example, and to consider the equality of those two values ; for 
then we shall have an equation, in which the unknown quantity 
y will be found by itself, and may be determined by the mles 
which we have already given. Knowing y, we have only to 
substitute its value in one of the quantities that express x. 

526.' According to this rule, we obtain from the first equa- 
tion, X = ^~ ^ , and from the second, x = ~^^ ; stating 

these two values equal to one another, we have this new equa- 
tion; 

c^by _ h — ffy ^ 

-5--— JP-' 
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multiplying by a^ the product is c — ft y s — 'T^*'^ ; multiply* 

iiWby/f the product is/c—/»jf5=aA— flff; addliqjairf* we 
have / c — / frjf + a^yaaA; subtracting /Cf there remains 
— /»y + fl*y=«*— /cj or(ag— 6/)f ssaA— /cj lastfj, 

dividing by ag—bf, we hare y = ^ ^lif ^ 

In order now to substitnte tfiis vahie of y in one of the two 
values which we have found of x, as in the firsts where o^s 

^"^ - »^. shall first have — iif=:— r7^;whencec — 6p 



fWei 



mbk+btf • •eg'^bef^abh+bef 
= c ^ / i or c — fti/ss — 2 / _ — i — :? c- 

— 2 — _-j_ . and dividing by a^ or = — ^ = -^ — ^ 

5i^. ^Motion L To illustrate this method by examples let 
it be proposed tn find two nunbors^ whose sum may be s 15^ 
and dtffbrence :s 7. 

Let us call the greatn* number x, and the less y. We shall 
havCf 

L OP + y = 15^ and IL :r — y = 7. 

The first equation gives xszl5 — y, and the second a; =s 7 
+ y; whence results the new equation 15— y=7+y. So 
thatl5s7 + 2y; i2ys:89andyss4; by which meana we find 

Answer. The leas number is 4f and the greater is 11. 

528. (ffUitum II. We may alao generalize the preceding 
question, by requiring two numberSf whose sum may be = a» 
and the difference = b. 

Let the greater of the two be =s or^ and the less = y. 

We shall have L .t + y = a» and II, a: — y == ft ; the firat 
equation gives ;r = a -^ y f and the second x = ft -f y. 

Wherefore a— y = 6 + y; a = ft4-2y; Sysa-^ft^Iastly, 

a— 6 J Ai tt'^^ b a 'i' h 

y = — — , and consequently a;=:a— y = a^ -^ = ' . 

Answer. The greater number^ or x, is = ^ > and the lens^ 

or y> is = - "^ j or which comes to the same^ a: =|a + 1 ft^ and 
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y:^^a — ib; and hence we derive the following theorem. 
IVhm the sum of any two numbers is a, and their difference is h, 
the greater of tlte two numbers wiU be equal to half the sum plus 
half the difference ; and the less of the . two numbers wUl be equal 
to half the sum minus half tlie difference. 

529. We may also resolve the same question in the following 
manner ; 

Since the two equations are a; + y = a, and x — y = ( ; if 
we add one to the other^ we have 2 a; = a 4- ft. 

Wherefore x = — - — . 

Lastly, subtracting the same equation from the other, we have 

^y=za — b; wherefore y = —^^, 

. 530. Question III. A mule and an ass were carrying burdens 
amounting to some hundred weight. The ass complained of his, 
and said to the mule, I need only one hundred weight of your 
load, to make mine twice as heavy as yours. The mule answer- 
ed, Tesy but if yon gave me a hundred weight of yours, I should 
be loaded three times as much as you would be. How many 
hundred weight did each carry ? 

Suppose the mule's load to be x hundred weight, and that of 
the ass to be y hundred weight. If the mule gives one hundred 
weight to the ass, the one will have y + 1, and there will remain 
for the other x — 1 ; and since, in this case, the ass is loaded 
twice as much as the mule, we have y4>l = 2x-^2. 

Further, if the ass gives a hundred weight to the mule, the 
latter has or -f !» and the ass retains y-^ 1 ; but the burden of 
the former being now three times that of the latter, we have 
a: + l = 3y— r3. 

Our two equations will consequently be, 

L y + I = 2a: — 2, II. 0:4- 1 =3y — 3. 

V + 3 
The first gives x = ^ ^ ■, and the second gives a; = 3 y — 4 j 

whence we have the new equation ^—- = 3 y — 4, which gives 

y = y , and also determines the value of or, which becomes 2|. 

JStnswer, The mule carried 2| hundred weighty and the ass 
carried 2| hundred weight 
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B$U Wken there $/n three unkaoimi MnAetSf nti as nunf 
equetieas ; >fl, for OTawple, I.ar^y-^»«*H, U.a;+%i'-^y^^ 
III. y + iS -*a? S3 10, ve begin, ae before, by dedciciiig ni vttai 
of X ffom eacb, and we heve> firosi the l'^^ ar w a -t^ »*--9 ; 
from the 11^, a?s=9+y— ^^ m4 fron (be lU^»ar7=y-f ai 

Comparing the first of thieee Taloes with the second, aaiefiw 
that with the third also, wa have the feUowkig equattans f 

Now, the first gives 2 9$ *- 2 jf = 1, and the secoml gives £ y = 
18, or y =9 ; if therefore we substitute this value of y in2»-— 
ay3sl, we have 3fl»— IQ:;^!, aed2«3l9bao that«se9|; 
it remains therefore only to determine x, which is easily found 
= 8f 

Here it happens, that the letters vanishes in tbahslt equaftuip 
and tibftt tlMi valw of y is foimd immediafeely. If this bad not 
been the case» we should iMve had two aqjiataena betneen % vm^ 
y, to be resolved by the preceding ride. 

59g» SiqpyoM we had found the three foHewiny equaUowu 

1. $ar + 5y-<<-4»=25, U. 5x^%ff+s.%xs:46f 

IlL Sy + S^-^x^etL 

If ^0 deduce firom each the vdue of x, we shall have 

*> 5 

IIL ap3;3y + 5»— 62. 
Comparii^ these three valuee together, and fiist tto iidrd 

with the first, we have 3y + 5g> — 62= ^"" ^^ "*"'^*; mid- 

tiplying by 3, 9 y + 15» -1- 186 = 25 — 5 y + 4 »; so th^ 
9y + l5«; = 211 — 5y+4«,andl4y + ll» = 2Uhythefiist 
and the third. Comparing also the third with the secofu^ we 

40 -4- 2 f/ w. *? X 

have3y + 5«~«2=5 ZX «r-, or 46 4.27^90= 15 y 

^ 25« — 310, which when reduced is S56 =s ISy -f sSix;. 

We shall now deduce^ from these two new equations, the 
value of y 5 

I. 2U = i4y + u»j, whfirefora I4yw$u^u«^ Bjutx 
211^11 «^ 
^ 14 # 



H. S56^15y + 28»| Wbet^tdfe 13y=S^ — 2B*, and 

These two valims form (he wm equaUen 

14 "~ is ' 
Whicb becomes^ 3743 -^ 143 % t± 49S4 — 392 it, or ft49 « s S241, 
wiirace « s= f . 

This value being sutetitoted in one of the tw« eqvatioiis of y 
and %^ we find y^%; and lasfly a siokilar mibstitttion^ In one of 
liie three vahm of xir» will give a? s 7; 

5^3. if there were more tban tbrte unknown quantities to be 
deteriniifed^ and as many e^ationt to be resiri? ed, we sboaM 
proceed ifi the saane manner; but tbe calcidations would often 
frove very tedious. 

It ts profier* therefore, to remailtf ihat» in c«efa particular 
caae^ means may ahrajs he diacovered of greatly faciKtating its 
f€8olutimi. These means consist in introducing into the calcu- 
lation, beside the principal unknown quantities, a new unknown 
quantity arbitrafily assijaned> such as, for example, tite sum of 
all the rest ; and when a person is a little practised in such cal- 
culatiDHS he easily perceives what is most proper to dow The 
following examples may serve to CadKtate the i^Ucation of 
these artifices. 

534. ^estion IT. Three p^iKMis play together ; in the fii-st 
game, the first loses to each of the other two> as much money 
as each of tbem bas. In the next, the second person loses to 
eatch of the of betr two, $s much money as they have already. 
Lasdy, in the third game, the first and the second person gain 
each, from the third, as much money as they had before. They 
tiien leave off, and find that they have all an equal sum, namely, 
M lottis each* Bequiredy with how much money each sat down 
to play ? 

Suppose that tbe stake of the first person was x louis, that of 
the second y, and that of the ibird », Further, let us make the 
sum of all the stakes, era; -fy + iz^s: s. Now, the first person 
losing in the first game as much money as the other two have, 
be leses «*^ar; i4f^ hebttWdf haTing bad ^» the two others 
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must have had s^^x); wherefore there will remain to him So? 
— s; the second will have 2 iff and the third will have 2 ss. 

So that^ after the first game» each will have as follows ; 
the h2x — s, the IL 2 y, the III. 2 ». 

In the second game^ the second person, who has now 3 y, loses 
as much money as the other two have, that is to say $ — 2y ; so 
that he has left 4 y — - «• With regard to the others, they will 
each have double what they had ; so that after the second game^ 
the three persons have ; 

the 1. 4a? — 2S9 the 11. 4y — Sf the IIL 4 %. 

In the third game, the third person, who has now 4 ce, is the 
loser ; he loses to the first 4 a; — 2 s, and to the second 4 jf — « ; 
coosequenlly after this game the three persons will have ; 
theL8a; — 4s, thell.Sy — 2s, the III. 8»^ — «• 

Now, each having at the end of this game 24 loois, we have 

three equations, the first of which immediately g^vea a:, the 

second y, and the third % ; further, 8 is known to be = 72, since 

the three persons have in all 72 louis at the end of the last game ; 

but it is not necessary to attend to this at first. We have 

L 8a?— •4s = 24, or 8a; = 24-f4s, ora: = 3+|s ; 

IL Sy — 2^ = 24, or 89 = 244. 2s, or y = d-f ^s; 

IIKSsi*— * s = 24, or 8» = 24+ s, or» = 34-^s; 

Adding these three values, we have 

x + y + »z=9+ls. 

So that, since a:+y+« = s, we haves = 9 + 1 «; where&ro 
^s = 9, ands = 72. 

If we now substitute this value of 8 in the expressions which 
we have found for x, y, and %, we shall find that before they 
began to play, the first person had 39 louis ; the second 21 louis ; 
and the third 12 louis. 

This solutioii shews, that by means of an expression for the 
sum of the three unknown quantities, we may overcome the 
diflSiculties which occur in the ordinary method. 

535. Although the preceding question appears difficult at first, 
it may be resolved even without algebra. We have only to try 
to do it inversely. Since the players, when they left off, had 
each 24 louis, and, in the third game, the first and the second 
doubled the money, they must have had before^hat last game ; 
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The 1. 12, the IL 12, and the IIL 48. 
In the second game the first and the third doubled their 
money ; so that before that game they had ; 

The L 6, the U. 42, and the III. 24. 
Lastly, in the first game, the second and the third gained 
each as much money as they began with 5 so that at first the 
three persons had ; 

• I. S9, IL 21, IIL 12. 

The same result as we obtained by the former solution. 

536. Question Y. Two persons owe 29 pistoles ; they have 
both money, but neither of them enough to enable him, singly to 
discharge this common debt : the first debtor says therefore to 
the second, if you give me | of your money, I singly will imme- 
diately pay the debt. The second answers, that he also could 
discharge the debt, if the other would give him | of his money. 
Required, how many pistoles each had 2 

Suppose that the first has x pistoles and that the second has 
9 pistoles. 

We shall first have, or -f | y = 29 ; 
then also, y + ^ a; =: 29, 
The first equation gives a; = 29 — | y, and the second, 0? = 

^^1—5? ; so that 29 — | y = ^^— ^. From this equation, 

we get y = 14| ; wherefore a?= 19|. 

Jinsfwer. The first debtor had 19^ pistoles, and the second bad 
14| pistoles*. 

537. Question W, Three brothers bought a vineyard for a 
hundred iouis. The yougest says, that he could pay for it 
alone, if the second gave him half the money which he had ; the 
second says, that if the eldest would give him only the third of 
his money, he could pay for the vineyard singly ; lastly, the 
eldest asks only a fouiiih part of the money of the youngest, to 
pay for the vineyard himself. How much money had each ? 

Suppose the first had x Iouis ; the second, y Iouis ; the third, 
% Iouis ^ we shall then have the three following equations ; 
I. a: + ^y=100. II. y + ^«=100. 
IIL i»-f ^;v=.100 5 two of which only give the value of ar> 



'i.>r ^^"-^ 



namely, Lfl;slOO*»|y» IIL iC3:400*-4«. So (hat we 
liftTe the effutimi, 

100 — |y = 400 — 4«9 or 4« — | y a: dOO, which iiiiMrt bo 
combined with the second, in order to dkermine y and <«• Now 
the second eqoation was y+4 »s 100; we therefore deduce 
fromit yslOO—* 4«; and the eqoation found loot being 4 a; 
_,} y = 300, we have y = 8 » — 600. Consequently the final 
equation is, 

100--4s?s8»~600; so that 8|!«sr00,or y «s700, 
and a = 84. Wherefore y s 100 -^ S8 xs r£, and x s 64. 

Answer. The yovngest had 64 louis, the second bad 73 louis^ 
and the eldest had 84 louis<. 

538. As, in this example, each equation coatims only two 
aaknown qaantiliesy we may obtain the solution requhred in an 

The first equation gires yai«O0-«-fiar; so that y is deter- 
mined hjjp; and if we snhotitote this ▼atoe in tiie second eqaa- 
tion, we have 200 — Sx + 'liSslOO; wherefore |9&st«>^ 
100, and C6^6x^-^ 300, 

So that % is also determined by x | and if we introduce this 
¥alue into the third oqwtton, we obtain 6 a? •*- 300 4. | a; s 100, 
in which a? stands alone, and which, when reduced to 25 «--> 
1600 = 0, gives X = 64. Consequently, y = £00 — 1 28 = 72, 
and « z= 384 — 300 = 84. 

539. We may follow the same method, when we have a gres^r 
number of equations. Suppose, for example, that we bare in 
general; s 

Ltt+ — = n, Ih x + tssn, nLy+ ? = n, 

IV. « + -^ ac n ; or, reducing the fractions, 
h au-^xszan, IL hx + yszhn. III. e$+»men. 

Here, the first equation gives immediately a?=z an-— an, 
and, this value being sube^ituted in the second, we have a ft n-^ 
a6u+y = fcn;so tbaty sebn — abn+ahn | the snhstitution of 
this value, in the third equatioR, gives 6c n-^ aft cn-f ate u+»ss 
en; wherefore ;8s=Cff — frcn+abcn-— aft cuj substitutiDg this 
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is the fwrtb e^iiMios* we hATC ed «i~ frcdfi 4- a 5 € it«^*«ak d « 
+ tt = d 11. So that dn-^edn + bcdn-^ah cdn =z — a hcdu + u, 
•r (a(cd-— l)iixxaii6dn-*-6edii-fcdn— d«i; whence we 
- ahcdn — bcdn + cdn — dn (ahed — bed + cd— d) 

Consequently, we shall have^ 

afrcdn— aedi»-f odn— aa (g^d— aed + ad'^d) 

*= Sfc^^n ""'^^ — Sfcjzi • 

_ abcdfi'^ ahdn + <!>»— >ii {abed — fl^ +o6— ^) 

^ oftgrfn— often + ^cn*-' c» {aied — aftc + ftc — c) 

"" abed — 1 " oScd — I 

oMn-^bcdn -^ edn^^dn (ahcd'^bed -f- ed — d) 

«= iiazri =«><' — ss^n — - 

540. Question YII. A captain has three compaiiiest one of 
Swissy another of SwabianSf and a third of SaxonsE. He wishea 
to storm with part et tttese troops, and he promiaea a reward of 
901 crowns^ ob the Mfewing conditioD ; 

Thai each soldiev of the companjr^ which assaults, shaK re- 
ceive 1 crown, and that the vest of flie money shall be eqaaliy 
distributed among the two other companies. 

Now it is found, that if the 9wh» make the assault, each sok 
dier of the other companies receives | of a crown ; that, if the 
Swabians assault, each of the others receives •! of a crown ; 
lastly^ that if the Saxons midce the assault, each of the others 
receives ^ of a crown. Required, the number of men in each 
company I 

Let ua suppose the nambw of Swiss xsz, tliat of Swabiana 
z^f, and that of Saxons =s«. And let us also make x+f + a^ 
= «, because it is easy to see» that by this, we abridge the caU 
culatioB considerably. Iff therefore^ the Swiss make the assault 
their number being a^ that of the other will be s — x ; now, the 
former receive 1 crown, and the latter half a crown ; so that we 
Aall have. 

We find in the same meaner,, that if the Swabimis nndLe the 
assault, we have, 

»+i«— |y««>i. 
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And lasfljTf thatf if the Saxons mount the anaolty we have, 

% + i8 — i«i = 90U 
Each of these three equtions will enahle ns to determine one 
of the unknown quantities o;^ y» » ; 

*For the first gives a: = 1 802 — s, 
the second gives 2 jf = 3703 — 8, 
the third gives S i» = 3604 ~ «, 
* If we now take the values of 6 a;^ 6 y, and 6 %, and write those 
values one above the other^ we shall have> 
6x = 10812 — 6 », 
6y= 8109 — 3 s» 
6 « = 7208 — 2 «, 



and.adding ; 6 « = 26129 — U s^ or 17 s = 26129 ; so 

that s = 1537 ; this is the whole number of soldiers^ by which 
means we findf 

0:= 1802—1537 = 265$ 
2 y = 2703 — 1537 = 1166^ or y= 583 ; 
S»^ 3604 — 1537 = 2067, or « = 689. 
•Answer. The company of Swiss consists of 265 men ; that of 
Swabians 583 5 and that of Saxons 689. 



CHAPTER V. 

Of the Besdution (^ Pure ffuadraik JBquaUons. 

541. Ajr equation is said to he of the second degree, when it eon- 
tains the square or the second power of the unknown quantity 9 with- 
out any of its higher powers. An equation, containing likewise 
the third power of the unknown quantity, belongs to cubic equa- 
tions, and its resolution requires particular rules. There are^ 
therefore, only three kinds of terms in an equation of the sec- 
ond degree. 

1. The terms in which the unknown quantity is not found at 
aU, or which are composed only of known numbers. 

2. The terms in which we find only the first power of the 
unknown quantity. 

3. The terms which contain the square, or the second power 
of the unknown quantity^ 
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So that X signUying an unknown quantitj, and the letters a, 
hf c, d, &c. representing known numbers, the terms of the 
first kind will have the form a, the terms of the second kind 
will have the form b x, and the terms of the third kind will have 
the form cxx. 

542. We have already seen, how two or more terms of the 
same kind may be united together, and considered as a single 
term. 

For example, we may consider the formula axx — bxx + 
c a: a; as a single term, representing it thus (a^^b + c) xx; 
since, in fact, (a — 6 + c) is a known quantity. 

And also, when such terms are found on both sides of the 
sign =;, we have seen how they may be brought to one side, and 
then reduced to a sini^e term. Let us take, for example, the 
equation^ 

ftxX'^Sx + 4^5xx — 8d?-fll;. 
We first subtract Zxx, and there remains 

— Sx + ^ssSxx-^^x + ll^ 
then adding Sx, we obtain, 

5x+4=iSxx + ll^ 
Lastly, subtracting 11, there remains SxxssSx^^T. 

543. We may also bring all the terms to one side of the sign 
=E, so as to leave only on the other. It must be remembered, 
however, that when terms are transposed from one side to the 
other, their signs must be changed.'N' 

Thus, the above equation will assume this form, 3 « a; — 5 ir -f 
7 = 0^ and, for this reason also, the /Mowing general formula 
represents all equations of the second d^ee, 
axx ± bxdzc^zO, 
in which the sign :db is read plus or ndnuSf and indicates that 
such terms may be sometimes positive and sometimes negative. 

544. Whatever be the original form of a quadratic equation, 
it may always be reduced to this formula of three terms. If we 
have, for example, the equation 

ax + b _ ex +f 

* That is, the quantity thus transposed is added to or subtracted irotn each 
side of the equation. 

£ul. •%. S4 
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we miMty first, nduce the fractums; multiplying, for tUe pur- 

pose, by c a? +d, we have a j? + o = ^ ^ , ^ =^> 

ihfftihj^gx + hf Yf%hwtagxm'\^bgX'{>ahx + bhz:zetxx^ 
cfx + edx+fd, which is an equation of the Second degree, and 
fedocible to the three following terms, which we ehall tranepow 
hy arranging them in the usual manner : 

O^agxx + bgx + hhf 
^^cexx + ahx-^fd, 
^cfx, 
"^tdx. 
We may exhibit tliis equation also in the following form, 
which is still more clear : 

Qt=z(ag — ce)xx + (hg + ah'^cf*^td)x + hh'^fd. 

545. Equations of the second degree, in which all the three 
kinds of terms are found, are called complete, and the resolution 
of them is attended with greater difficulties ; for which reason 
we shall first consider those, in which one of the terms is wanting. 

Now, if the term x x were not found in the equation, it wouid 
not be a quadratic, but would belong to those of which we have 
already treated. If the term, which contains only known numbers, 
were wanting, the equation would have this form, axx=bbx = 0, 
which being divisiUe by x, may be reduced to a x d= b = 0, which 
is likewise a simple equatioti, and belongs not to the present dass. 

546. But when the middle term^ which contains the first power 
of X, M wanting, the equation assumes this form, a x'x db c= 0, or 
a XX = qp c ; as the sign of c may be either positive or negative. 

We shall call such an equation a pure equation of the second 
degree, since the resolution of it is attended with no difficulty ; for 

we have only to divide by a, whidi gives x x = — ; and taking the 

square root of both sides, we find x = \ - ; by means of which the 

equation is resolved* 

547. But there are three cases to be considered here. In the 

first, when — is a square number (of which we can therefore 
really assign the root) we obtain for the value of x a retinal 
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mmbeff wkkh may fo eUher integer orfraetimud. For example^ 
ihe equalioii «a?a7sl44 gives a?=l£. And xx:='f^ gives 

-___ C 

The second variety is when — is net a squartf in which case 

we flMMt thcrefora ie eomUnki wi^ the 9^ v* Iff ^^ e&amidey 
id? OP = Id, we have A? ssy" 139 ^he value of which may be deter- 
mined by approximation, as we have already showiu 

The third case is that in which — becomes a negative number; 

a 

then the value of xis altogether impossihle and imaginary ; and this 

result proves that the question, which leads to such an equation, is 

in itsdf impossible. 

548. We shaH also observe before proceeding further^ that 
whenever it is required to extract the square root of a number, 
that root, as we hav« already remarked, has always two values, 
the one positive and the other negative. Suppose we have the 
equation xx = 49, the value of xwiU be not only + 7, but (dso^^T, 
which i$ expressed by x = =b 7. So that all those questions ad- 
mit of a double a answer ; but it will be easily perceived that in 
eevwal cases, in those, for exansple, which relate to a certain 
number of men, the negative value cannot exist. 

549. In such equations, also, as axx=:bXf where the known 
quantity c is wanting, there may be two values of x, though we 
find only one if we divide by x. In the equation xx=:Qx, for 
example, in which it is required to assign such a value o(x, that 
^x may become equal to 3 X9 this is done by supposing x=:3, 
a value which is found by dividing the equation by a: j but 
beside this value, there is also another, which is equally satis« 
factory, namely a? = ; for then xxz^O, and 3 a? = 0« Equa^ 
Uons, therefore, ^the second degree, in general, admit of two solu- 
tions, whilst simple equations admit only of one. 

We shall now illustrate, by some examples, what we have 
said with regard to pure equations of the second degree. 

550. Question I. Required a number, tlie half of which mul- 
tiplied by the third may produce 24. 

. Let this number ^x; ^x, multiplied by | x, must give £4 ; 
^re shall therefore have the equation ^xx=iZ4. 
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Maltiplying bjr 6^ we have ^opb 144 ; and fte utncttea of 
the root gires x^±:\Z. We put ±: ; forif xr ^i + is^we 
have 1 0? = 6, and ^ ^r = 4 ^ now the product of these two nnn- 
bersis24; and if 0^ = — IS, webave|ars=— •e, and|ir=:^-.4, 
the product of which is likewise 24. 

551. €lfusiwn II. Required a naaiber sach, that by aiding 
5 to itf and sabtracting 9 from it^ the product of the aam by tiie 
difference would he 96. 

Let this number be Xf then x -f 5^ multiplied by a?*— 5^ wist 
give 96 1 whence results the equation, xx — ad =a 96. 

Adding 25, we have a? a; = 1S1 ; and extracting Ae root, we 
havea: = ll. Thus x + 5=sl6| also a?— -5s6; and lastly, 
6X16 = 96. 

55£. €fue$i%on III. Bequired a number such, that by adding 
it to 10, and subtracting it from 10, the sum, mdliplied hytiie 
remainder, or difference, will give 5I« 

Let 07 be this number; 10 -for, multiplied by 10 —- x, srast 
' make 51, so that 100 — xx=l 51. Adding xw^ and suhtracting 
5 1 , we have <r a? = 49, the square root of which gives a: =s y. 

553. Question lY. Three persons, who had been playing, 
leave off; the first, with as many times 7 crowns, as the second 
has three crowns; and the second, with as many times 17 
crowns, as the third has 5 crowns. Further, if we multiply the 
money of the first by the money of the second, and the money 
of the second by the money of the third, and lastly, the money 
of the third by that of the first, the sum of these three producls 
will be 38dOf . How much money has each ? 

Suppose that the first player has x crowns^ and since he baa 
as many times 7 crowns, as the second has 3 crowns, we know 
that his money is to that of the second, in the ratio of y : 3. 

We shall therefore make 7:3 = a?9 to the money of the 
second player, which is therefore \x. 

Further, as the money of the second player is ti»that of the 
third in the ratio of 17 : 5, we shall say, 17 : 5 = f x to the 
money of the third player, or to ^Yt ^* 

Multi|dying a?, or the money of the first player, by ^ x^ the 
money of the second, we have the product ^x x. Then 4 ^^9 the 
money of the second, multiplyed by the money of the tUrd^ ^r 



Chap. S. OfEfiuium. 189 

bj ^^ % gtf M ^ OP x« Lastly, tbe money 'of tbe third, or 
^y^ ;K.iiMilt9lied by a?, or tbe money of the first, gives -rrV^^* 
The smn of these three products is 4 a? or -f ^Yf ^ ^ + tVt^ ^ > 
and, reducing these fractions to the same denominator, we find 
their sum ff| a;a?, which OMist be equal to the number 38dOf • 

We have» thwefore, m xxs: 38S0|. 

80 that y^^xx a 11498, and 1521 x x being equal to 9572336, 
dividing by 15£1, we havexx= * ttiV ^ 9 **^d taking its root, 
we find X = *||^* This fraction la reducible to lower terms if 
we divide by 13 ; so that a? s *|* s 79^ ; and hence we con- 
clude, that^<vs34, and -^V^'c l^* 

Aawer. The first player has 79^ crowns, the second has 34 
crowns, and the third 10 crowns. 

Benmrh. This calculation may be performed in. an easier 
manner; namely, by taking the factors of the numbers which 
present themselves, and attending chiefly to the squares of those 
factors. 

It is evidMt, that 507 = 3 x 169, and that 169 is the square 

of 13 ; then, that 833 s 7 X 119, and 119 ds 7 X 17. Now we 

3 X 169 
have r= — -5 xx = S830|, and if we multiply by 3, we have 

9 X 169 

— — •^xx=zll49^. Let us resolve this nnmber also into its 

factors ; we readily perceive, that the first is 4, that is to say, 

that 11492 = 4 X 2873 ; further, 2873 is divisible by 17^ so that 

2873 = 17 X 169. Consequently our equation will assume the 

9 X 169 
following form ; -= — — a: a; s= 4 x 17 X 169, which, divided by 

9 
169, is reduced to q o: a? =4 x 17 5 multiplying also by 17 X 

49, and dividing by 9, we have xx^ 4x289x49 ^ ^ ^^^^ ^ 

the factors are squares; whence we have, without any further 

calculation, the root a; = ^^^J^^ = ?|^ = 79^, as before. 

3 3 

554. (fuestion Y. A company of merchants appoint a factor 

at Archangel. Each of them contributes for the trade, which 

they have in view> ten times as many crowns as there are pact- 
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The profit of the Itetor is fixed «t twice as wm^ cnnnie 
fer awU es there partners. Forihery if we mltiply the ^^ 
pert of his total gain by 2|» the number of partners will be 
found. Required, what is Uiat number ? 

Let it be =:x I and since, each partner has contribirted 10 av 
the whole capital is = 10 « «• Now, for erery hundred crowns, 
the foctor gains do?, so that with the capital of lOatx bis profit 
will be I a: '• The yj^ part of tiiis gain Is j^x^ ; ninlti|djiBg 
by 9\j or by V» ^® h*^^ tttv^'^^ nx^^^ <^d ^1^ oa**^ he 
equal to the number of partuens, or «• 

We have, therefore, the equation ^^^ x* = «, or x^ s 2dS x ; 
which appears, at first, to be of tte third degree ; but as we may 
divide by x, it is reduced to the quadratic xx^ Sfiir, whence 
ar=15. 

Jkmoer. There are fifteen pactnm, and each contributed IM 
crowns* 



CHAPTER VI. 

JCf (ht BesoluUon of Mixt Equatiom of the Second JOegree. 

555. Air equaUm of the second degree i$ said to be mist, or com- 
fUU,^ when three kinds of terms are found in it, namely, that 
which amtains the square of the unknown quantity, assLXx; that, 
tu which the unknown quantity is found oidy of the first power, as 
b X ; lasUy, the kind of terms which is composed only of known 
^uaiKHties. And since we may unite two or more terms of the 
«ame kind into one, and bring all the terms to one side of the 
sign =, the general form of a mixt equation of the second de- 
cree will be 

aara:=f:Ja?=FC=0. 
In fliis chapter, we shall show, how the value of x is d^ived 
from such equations. It will be seen that there are two methods 
<>f obtaining it* 

556. An equation of the kind that we are now considering 
OMy he reduced, by division, to such a form, that the first term 
may contain only thesquare or or of the unknown quanti^ x. We 

* Sometiioes called «ko affected^ 
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AalEt kave the Bocoiid tana on the same side with sf, and trans- 
pose the known term to the otiier side of the sign ss • By these 
means our equation will assume the form xx±:px = dtqf 
in which p and q represent any known numbers, positive or 
tmgatirt ; and the whde is at present reduced to determinitig^ 
the true value of a?. We shall begin with remarking, that if x x 
+px were a real square, the resolation would be attended with 
BO dificidty, because it would only be required to take the square 
root of iMth sides. 

557. But it is evident fliat or ^-f-jix cannot be a square; 
ttUce we have already seen, that if a root consists of two terms, 

for example^ x + n. Us square always contains three terms, 
namdy, twice the product of the two partn, besides the square of each 
part ; that is to say, the squareofn 4.n»xx + 2nx + nn. Now 
we have already on one side xx+px^ we may, therefore, con^ 
sider xxasthe square of the first part of the root, and in thi^ case 
px mmst represent twice the product of x, thejirst part (f the root, 
by the second pari ; consequently, this second part must be ^ p, and 
in fact the square ^ x +7 p> i^ found tofexx + px-f^pp. 

558. JVbTTXx+px + ^pp being II reaZ59tfare,tc;AtcAAiu/)rt/s^ 
roofx + |p, if we resume our equation xx+px = q, we have 
onlyto add^jifpto both sides, which gives us xx + fx+J^ppz:^q 
+ «- pPf the first side being actually a sqtiare, and the other contavn-^ 
ing only known quantities. If, therefore, we take the square root 
of both sides, we find x + 1 p = V{ipp+q) 9 ^''^ subtracting ^ p, 
we obtain x=s— |p + y'rtpp+q); oud, as every square rod 
maybe takeneither affirmaUvdy or negativdy,we shatltharoefotx 
two values expressed thus ; 

x = — -pitj-pp + q. 

559. This formula contains the rule by which all quadratic 
equations may be resolved^ and it will be proper to commit it to 
memory, that it may not be necessary to repeat, every time, the* 
whole operation which we have gone through. We may always 
arrange the equation, in sach a manner, that the pure square 
X X may be found on one side, and the above equation have th<» 
form xx+pxz=:q, where we see immediately that 



:r = ~iii±Jip|, + g, 
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560. Tlie general nde^ therefore, wUch we dedoce finwi ftta, 
in order to resolve the eqoation^jpss-— |iar^f, is founded on 
this consideration : 

That the unknown qnantity so is eqpd to half the coeiBcieaty 
or mnlti^er of oron the other side of the equation, jiiau or atMst 
the square root of the square of this number, and the known 
quantity which forms the third term of the equation. 

Thus if we had the equation «« = 6ap + 7, we should imme- 
diately say, that ap= 3 db V9T7=3d db4, whence we IfaYe 
these two values of op, L ;r s 7 ; IL o^ s — 1. In tiie same 
manner, the equation ^orslOor — 9, would give ar = 5d= 
V'ss— 9 = 5db 4, that is to say, the two values of or are 9 and U 

561. TUs rule will be still better understood, by distii^guish- 
ing the following cases. L whenp is an even number; IL 
when p is an odd number ; and UL wlien p is a fractional 
number. 

I. Let p be an even number, and the equation such, that x x 
= Spar -(. 9 ; we sliall, in this case, have x =;p rb s/JJTq. 

II. Letp be an odd number, and the equation xxsspof + q; 

we shall here have or = | p dr 1^ pp + 9 » ^^^ ^^^'^^ hPP + 9 ^ 
^^ ^ ^ , we may extract the square root of the denominator, and 
write or =tp ± ^^Sli =t±A5i±li. 

III. Lastly, if p be a fraction, the equation may be resolved 
in the following manner ; let the equation beaar;p = ix-fc,or 

a?a?= -1- + — , and we shall have by the rule, x = — — db 

bb ^ e ^y bb , e bb + 4ae ., , .. ^ 

f -. Now, - — + — = — r^^ 9 the denominator of 
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4aaa 4aaa 4aa 
which is a square ; so that x = \/bb+4ac ^ 

562. The other method of resolving mixt quadratic equations, 
is to transform them into pure equations. This is done by sub- 
stitntion ; for example, in the equation xx^px+q, instead of 
the unknown quantity or, we may write another unknown quan- 
tity y, such, that x = y+ip; by which means, when we havo 
determined jf, we may immediately find the value of x. 



Hymmke Him mtettfafion of y *ff jr HwteUd df m we liave 

.a?jrs$y^-f jiy4^|rjp« and p^sspy^^pp; cfflisfequ^ntly cmr 

aqtmtkffi will become y y -f p y + ^pp =P 9 + i ?p -f 4^ which is 

first redircedy by subtractinff PV^^^VV + \PP^iVP^^l &"<! 

then^ by subtracting 7 pi^9 to y y = 1 p p -f. 9. I'his is a pure 

quadratic equation^ which immediately gives y =: =b \-pp + q. 

Now^sincea?=:y + |p,wehavea? = |pzb jlpp^^, as we 

^ound it kefitm. We heff e ooly^ifaeretee^ to iBiasfrate this rule 
by some ^iLamj^es* 

063; ^mttiml. There are liw» numhers; me exceeds tiie 
other t^f, 6y and tbetr {trodect is 9U What are thesis lunnbers ? 

If the less is x^ the other tsrx+ 65 and their product xx+Gx 
=s 91, Subtr^thig 6 Xi there reftiaifis o^of = 91 ~ 6 or, and the 
rule gives a? = — 3 ± vsT+ST:*— 3 dr 10 ; so that ap =3 7, and 

: 4fmc'0r» The question admits of two solutions ; 

, By onfy the less number x is = 7f afid the greater x + ^zsiXS. 

"6 J the other^ the less number or = — %$, and the greater 
41?+ 6= — 7. 

564, qybtawn U. To find a number ^uch^ jtbat if 9 be taken 
from its square, the remainder may be a number, as many units 
greater than 100, as the number sought is less than £3. 

Let the number sought =s or 1 we know, that xx — 9 exceeds 
100 by ar 0? — 109. And since x is less t^n 23 by 23 — x^ we 
liave this equation ; dbx-^ 109 = 23 — x. 

Wherefore a? x = — a: + 132^ and, by the rule. 

So that a: ss 1 1, and ar= -J- 12« 

Ms^er. When only a positive number is required, that 
nnmb^ will be 11, the square of which mtniis 9 is 112> and 
c6nse<|Hent)y greater than f 00 by 12, in the same manner as 11 
is leas than 25 by 12f. 

5^5. Qkie$ffim in. To find a number such, thial: if we multi- 
ply its half by fto third, and fo ^e prtjduct add hidf ttie iramber 
required, Sm result ^1 be &0. 

EiuU Mg. 25 
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Sappote that Miiiber vo?, ite hMs iiNdti|lted by its tUrd^ 
will make | op^ ; so thai i aroc + ^ a: s= SO. M«lti|iying by ^ 
we bare xa: + $sfxldO,ora:x^ — Sas + l80^ wbkh fives 
S 19 3 «r 

Consequently x is cither = 12, op — 15. 

566. 4^8tum lY. To find two numbers in a double ratio to 
each other, and such that if we add their sam to their j^xmIqc^ 
we may obtain 90« 

Letoneof the mimhefwstfy then ^the other will besd^; 
their product also =5 2 a? a?, aud if we add to this S x, or their 
tMmiy the view MHO ought to aMike 90. Sothati^xx + 3xs90; 
^xxv90'*^Qx; xx=z'^^<c+4Sf whence we obtain 

J "9 " 3 27 

^ + 45^-^^.-5. 

Ck)n8equently « = 6, op — r|. 

567*. Question y. A horse dealer, who bought a horse tor a 
certain number of crowns, sells it again For 119 erowns, and his 
profit is as much per cent as the horse cost him. Reqajred^ 
what he gave for it i 

Suppose the horse cost x crowns | then as the horse dealer 
gains X per cent, we shaH say, if 100 give the profit x ; what 

jff re ^r IB 

does X give ? Answer, -~. Since, therefore, he has gained ^55, 
and the horse origtnfilly cost' him x crowns, he must have sold 

3t X ' X X ^ ' * 

it for X + -r^i wherefore x + — ^ = 119. Subtracting Xp 

wehave-— = — a? + 119; and multiplying by 100, we have 

xxzs. — 100a:+1190Q, Applying the rule, we fiuda; = — 
50 ± V2500 + U900 = — SOiv'IiiSr = — 50=t; 120. 

Answer. The horse cost 70 crowns, and since the borse 
dealer gained 70 per cent* wben be sold it again, the, profit must 
baveJieen 49 crowns, l^e horse must have been, ^eraiore, 
sold again for 70 +49, that is to say, for 1 19 crowns* 

ff68. ^tie^ftoji YI. A person biQH a certain numbertvf pieces 
of cloth; be|myi9,Xor 4be &jb^% crQwnsj for the secrad, 4 
crowns ; for the third, 6 crowns, and in tte same manner always 
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2 crowns more for each fallowing pi^oe« Now^ all tke places 
together cost him 110. How many pieces bad be ? 

Let the number sought = x. By the question flie purchaser 
paid for the different pieces of cloth in the following manner ; 

for the 1 9 2, 3, 4, 5 • ... a? 

he pays £» 4, 6, 8, 10 • • • .2 x crowns. 
It is therefore required to find the sum of the afMbmetical 
progression S + 4-|-6-fS + 10+.«,. .« S^» which consists of 
X terms, that we may deduce from it the price of aU the pieces 
of cloth taken together^ The mb wbidi wa faavo already given 
for this operation, reqnlres us to add tho last term and the first ; 
the sum of which is 2 a? + 2 ; if wo nudti^y this sum by the 
number of terms Xf the product will be 3 or xr -f S a? | if we lastly 
divide by the difference 2^ the quotient will be ^ a? + ^, which 
IS the sum of the progression ; so that we have ^je + xs: 1 10 ; 
wherefore or or = — jf+110. 



anda. = -i + Ji+110=-I + | = 



10. 



Answer. The number of pieces of cloth is 10. 

569. Question YIl. A person bought several pieces of cloth, 
for 180 crowns. If he bad received for the same sum 3 pieces 
more^ iie would have paid three crowns less for each piece ; 
How many pieces did he buy 7 

Let us make the number sought = x ; then each piece will 

180 
hare cost him ^ — ^ crowns. Now^ if the purchaser had had x+s 

X 

180 
pieces for 180 crowns, each piece would have cost ^ crowns ; 

and, since this price is less than the real price by three crowns, 
we have this equation, 

180 180 ^ 



X + 'S X 

180 

'x + 3' 



MidtiplyingbyoPfWehave-— 3sl80~a«; dividing by 



60^ 
3, we have - = 60 — a? ; multiplying by a? + 3 we have 

X "y" «j 

6007=180 + 57a?i^a7^;addiiig^;x^, w^ shall have ^«7+ 60 tv 
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3sl80.+5r;i9; ffiMractmg^404r# we ibal kiwa7ars.«s«4. 
180. 
The role^ conseqnevtly giyes 
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Auwer. He boaght fbr ItO crowns 13 piccea of d«tk at 15 
a»wm tiM) piwe, and if he had gat 5 pieces mem, naiiidy \5 
piercsfor 180 crowns, each piece wouM have ceet i^ i« 
crowns, thaf is to say, 3 crowns less. 

5fO. ^MSteiMYIII. Two OMKhants enter int<^partnem2iq> 
wttli a stock of 100 crowns } one leaves liis money in (he part- 
■ership for thsea months* the other leaves his fi>p two months, 
and each takes oat 99 crowns of capital and profit. What pro- 
portion of the irtock did each furnish ? 

Suppose the first partner contrihntcd ar cmwns, the eflmp will 
have contributed 100— ar. Now, the former leeeiving 9» 
crowns, bis profit U 99 — i-, which be has gained in three 
months with the pHncipal a: ; and since the second receives also 
99 crowns, his profit is* — i, whkh he has gained in two 
months with the principal 100— <r j it is evident tlsok that the 
profit of this second partner would have been f'"^% if ho had 
remained three months in the partnership. Now, as Op profits 
gained in the same time are in proportion to th0 principals, we 
have the following proportion,, a? : 99 — » = loo _^ ^^ . £iLlL?, 

The equaltty of the product of the extnmes to thatotth* 
means, gives the equation, 

— '-g -=9900— 199a7+;ra?j 

Multiplying by 2, we have *»« — Sir= 19800 — 598^ ar 

+ 2 a? a? 5 subtracting « a? a:* we have a: * — 3 jr^s 19800 — 398 «• 
adding 3 x, we have xasss 19800 — 396 ar. 

Whfrelbre by the mle, 
a? = -i2£4. fl5602g r^OO (395 4m 90 

A^wer. The fint partner tolitiibttted 46 crowns, and the 
other 55 crowns. The first, having gained 54 crowns in three 



ntttlity wouM ham gtmed vx one numtk 18 crowns ; and the 
second having gained 44 crowns in two months, would havo 
gained £2 crowns in one month : now these profits agree ; for^ 
if with 45 crowns 18 crowns are gained in one month, 2^ 
crowns will be gained in the same time wiih 55 crowns. 

571. ^ikesiion IX. Two girls carry 100 eggs to market ; one 
had more than the . others and y^t the sufti which they both re* 
ceived for them was the same. The first says to the second, if 
X had bad your eggs, I shonld have received 15 sous. The 
other answers, if I had had yours, I should have received 6| 
sous. . How many eggs did each carry to market ? 

Suppose the first had x eggs ; then the second must have had 
100 — jp. 

Since therefore the former would have sold 100 '— x eggs for 

15 sous, we have the following proportion f 

\5 X 

100-^ or : ISssor • • • ^to-rr;: sous. 

iOO — 0? 

Also, since the second would have sold or eggs for 6| sous, we 

find how much she got for 100 — ^ eggs, by saying 

OP : -r- =s: 100 '•^x . . . • to . 

S Sx 

Now both the girls received the same money ; we have con- 

XI XI. X- *5iP 2000 — 20 jf ,., » 
•equently the equation, ^qq_^ = — — , which bepomw 

this,. 

25x^=200000 — 4000 a? J 
and lastly thifi, 

a?a? = — 16047 4-8000; 
whence we obtain 

a?= — 80 + V6400+ »o(X) = — 80 + 120 = 40.. 
Mswer. The first girl had 4a eggs, the second had 60, andl 
eac|^ received 10 sous. 

572. HuMiion X. Two merchante sell each a certain quantity 
of stuflT; the second sells 5 elb more than the first, and they 
received together S5 crowns. The first says to the second^ I 
should have got 24 crowns for your stuff; the other answers, 
and I should have got for yoHM ift* crowns and a half. How 
many ells had each ? 

Suppose the first had 07 ells; then the second must have had 



bfi 
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jp 4-3608. Now, since the first woald hare sold or + 3 db for 
24 crownsy he miist have received , ^ crowns for his x ells. 
And with regard to the second, since he wooM Imve seU ^ ^ 

for 1£| crowns, he must have sold his a? + 3 ells for — —- — • 

80 that the whole snm they received was + — — ^ — = 35 

crowns. 

This equation becomes a7ar = 20a?— *r5, whence we have 
JP= 10 =t ^100 — 75= 10 =fc 5. 

ddimc^er. The question admits of two solutions ; according to 
the firstf the first merchant had 15 ells, and tlie second had 18 ; 
and since the former would have sold 18 ells for 24 crowns, he 
must have sold his 15 ells for 20 crowns ; the second, who would 
have sold 15 ells for 12 crowns and a half, must have sold his 
18 ells for 15 crowns; so that they actually received 35 crowna 
for their commodity. 

According to the second solution, the first merchant had 5 
eUs, and the other 8 ells ; so that, since the first would have 
sold 8 ells for 24 crowns, he must have received 15 crowns f<(v 
his 5 ells ; and since the second would have sold 5 ella S» 12 
crowns and a half, his 8 ells must have produced him 20 crowns. 
The sum is, as before, 35 crowns. 



CHAPTER yiL 

(>f tlie Miture of Equations of the Second Degree. 

573. What we have already said sufficiently shows, ftat 
equations of the second degree admit of two solutions'; and this* 
property ought to be examined in evei^ point of view, because 
the nature of equations of a higher degree will be very much 
illustrated by such an examination. We shall therefore retrace, 
with more attention, the reasons which render an equation of 
the second degree capable of a double solution ; since they un- 
doubtedly will exhibit an essential property of those equations. 
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574* We have already seen^ it is trae^ that tiiia doidile solu- 
tinii arises from the circamatance that the square root of any 
number nay be taken either positiirelyy or negatively ; howevar^ 
aatMsprineiplewiU not easily ap^y to eqaatiens of higher 
HegteeSf it may be proper to illustrate it by a distinct analysis* 
Takii^t for an examplet the quadratic equation, a?xs:zl2a; — 35^ 
we shall give a new r^ison for this equation being resolvible in 
two way% by adouttiiig: for a? the values 5 and 7$ both of which 
satisfy the terms of the equation* 

, ST5» For this purpose it is most convenient to begin with 
transposing the terms of the equation^ so tbatone of the sides 
may become 0; this equation consequently takes the fw»4va? 
«fp-' 4d4r4*d5s3aj and it is now required to find a number 
eiich^ thaity if wesubsliti^itforar9tbeqiianlitytfar.i^ld;v4».a5 
may be really equal to nolhingj after thisy we ahall have to 
ehow how this may he done in two ways. 

5{r6* N^w, the whc^ of this eenmsts in showingvclearly^ that 
M^pmmHiy eftheformxx^^lQx + SSmaybe eonriiered as tbe 
product of two factors; thus, in fact» the quantity of which we 
opcode IS ooflipoSed of tke two factors (ar— 5) x {x — 7). For, 
cdncethis quantity must become 0^ we mast also have the p)^- 
4ilct (ar«i-^d) xi^-^Ty^O; bat a-produet^ of wluUtoer ftnmier 
offadorsU is composeifieeomestsi^^ only vAen me tf tbmefae-' 
tors is reduced ioO; thia is a funAsimentai {irincip)e»to which we 
jBUifll pay particular attention, especially when equations of sev- 
mw9l degrees are treated of« 

577. It is therefore easily understood, that the product (z -^ 5) 
X (x ~ 7) tnoy become tn two ways: one, when the first factor 
s — 5 s=: ; the other f when the second factor x --^ 7 = 0. In the 
first case x = 5, in the other, x = 7. The reason is, therefore, 

Ttfsy evident, why such an equation ar^—^l£.a7 + S5t=:0,. ad- 
mits of two solutions, that is to say, why we can assign two 
values of ^,. bpth.of which equally satisfy the terms of the equa- 
thm. This fundamental priacipie consists in this, that the 
quantity a:x — l2oe + $o inay be represented by the product of 
two factors. 

578, The samD circu^mstances fare found in all eijpations yf 
Ibe seoond degree. For> after having brought all the terms to 
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#M side» m dwajni ftad an efuatim of Urn Wkmimg fem «« 
*^ajv«f ^sO^rndthisfermula laay ba always c o aa ide red a> 
tta prodnct af two fiu^toret wUdi waahatt nprosant by («-«^ 
X(4r«.^f)9 witfKNit concanloK oanalfoa what n aa b a tu Ihi 
tatteia p and 9 ropreiettt Now, aa this pradact masthasrO^ 
Ihin the nature of our aquation it ii evident tiial this may hap- 
pen ia two ways; in the first places wtieo arssp; md in fhe 
necond place, whenj^sf; and theae ane (hetwo vnlaaaof s 
which aatisfy the terms of the eqnatian. 

979. Let aa now caasider the nature of these two fnctarsy ia 
order that the moltlpiication q( the one hy the other aiay eiadlf 
pmdnca or or --««ar+^ By artaaUy multiplying them, we get 
iror— (p-H^)jp4.pf ; npw this i|uantity must he tke sane as 
»aff^^aaF+b9 wherefore we liave evidently p 4-9 s: a, and pf 
3sk So that we have deduced this very remartLahle pitipartyy 
that is every eqwstion 4f tke firm xx — nx^-h^Oy Me two 
v&tu9$cfxare9itdh 'iatlMr sumtf e^nal toa^aadtheir prsdnct 
£fiHilUk; vAtnu iifiUawt tJmlfiJ 19C kmem one efUm' 
4he other dts0 is eankffatmi^ 

5ao. We have considered the caae ia whkh IJbe two 1 
of ^ are positive, and which requires the second term of the 
equation^o have the sign ^-^ and the third term to- havn the 
aign +• Let us also consider the caaes in which eMier one or 
•both values of x hecome negafive. The first takea pbieo wbea 
Uie two factors of the equation give a product of this tmm 
^x — p)x(^ + 9); for then the two>vahiesof J^are^s^saMl 
^as— '9; the equation itself becomes jp a? 4. (f.p*p);v-^p 431 ; 
the second term has the sign +, whsn q ia greater thanpf and 
the sign ^, Mfhen q is less than p ; lastly, the third term k 
.always negative. 

The second case^ ia which hoth values of jr are negaUm^ 
^K^curSf wbea the two factors are (/» +p) x (a> + 9) ; ier we 
shall then havea; = -*pand A?s.-«f ; 4he equation itatf be- 
comeaarar4.(p + 9)a^-fpfssO, in which bolh tbeaecon&msd 
third terms are affected by the siga 4^ ^ 

581. The signs of the second and the third term conseqnenity 
show us the nature of the roots of any equation of the aecond 
degree. Let the equation he xx. ••• nor .... frsO^ if the 



Hecond an4 third t«mis baye the si^ +f the two values of x are 
both nei^tive ; if the decond term has the sign — *> and the third 
terra has 4^ hoth vakies 4re [^tive i Itctly, if the thM term 
aim has the rign ^>-<-, one of the Yahies in qvestioa i$ positive* 
But ifi ail cases, irhatever, the second term eontMns th§ soul 
of the two values, and the thivd term eqatoiiia their prediiot* 

069. After what has heen said, it will he ^ery easy to fom 
«i|iiations of the second degree contaiaing any two given values 
liOt there be required, for example, an equation such, that one 
of the values of x may he r, and the oth^r <~ 3« We first form 
the simple equattona ^ m 7 and op ae .^ S ; thence these, ar *-* 7 
cEx and 0? -f 8 3s 0, which gives «s, in this manner, the factors ef 
tte eqmiiQp required, which eonsequen% becomes x a? -^ 4x-^ 
21 r= 0. Applying here, ako, the above rule, we find the twd 
given values of :r; forifa:d;flE=4x4.21, wofaavea^ocS db v'B 
oasfi :js 9, that is to say, a? as 7, orx = .^5. 

5SS» The values of x ^ay aho happen to he equal. Let there 
be sought, for example, an equation, in which both values may 
be =3 5. The two factors will be (a? — 5) x (a: — 5), and the 
equation sought will hexx — 10 a? + 25 = 0. In this equation^ 
X appears to have only one value ; but it is because x is twice 
found 3 5, as the common method of resoluliott shows ; fbr w« 
have apjcat 10 » — €5 5 wherefore xss 5 =fc y'o'ss 5 d= 0, th«c 
is to say, x is in two ways as 9. 

i94. A very remMlLable case, in which both values lol x be<- 
eome imaginary, or Impossible, sometimes occurs ; and it is 
then wholly impossible to assign any vahie for x, that 'would 
satisfy the terms of the equation. Let it be proposed, for ex- 
ample, 4o divide the number 10 into two parts, such, that their 
product may be SO. If we call one of those parts x, the other 
wm be ;ss 10 — Xf and their product will, be IQx-^x x = s6; 
wfiefofbre xx^^l^x^^SOf and x^Sd^^ZTS, which being 
en imagtaary wmier, Atw^ ihaJt the qwetUtm U tmposnUe. 

M5» It is very iei^itrtant, therefore, to discover some sign, 
by means of which we m«f Immediately know, whether an 
equation of the second degree is possible or not 

Let ns resnme the general equation axp^»x + hssiO* 
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We shall have xxzzax^b, and a? = ^a db J-j aa— -fi. 

This shows, that if 6 is greater than ^ a a, or 4 b greater than a <h 
the two values of x are always imaginary, since it would be 
required to extract the square root of a negative qnaatity • on 
the contrary, if b is less than ^ a a, or even less than O9 that is to 
say, is a negative number, both values will be possible or real. 
But whether they be real or imaginary, it is no less tme^ that 
they are still expressible, and always have this propertyy that 
their sum is =a, and their product = b. In the equation xx 
— 6 x + 10 = 0, for example, the sum of the two values otx must 
be = 6, and the product of these two values must be = 10; now 
we find, I. x=z^+^z:y^ and II. ir = 3— v^^> quantities 
"Whose sum = 6, and the product = 10. 

586. The expression, which we have just found, may be 
represented in a manner more general, and so as to be applied 
to equations of this form,/a; xdbgx+h=zO;tQT this equation 

s ffx h ^ ffir fir h 

givesa:a: = ± ^ ~ j, and ^^^if^^Tfj^f' 

X = — 5 — Vi^ir— 4/A . whence we conclude that the two values 

are imaginary, and consequently the equation impossible, when 
^/A is greater than gg; that is to say, when, in the equation 
fotx — gx + hszOt four times the product of the first and the 
last term exceeds the square of the second term : for the procftict 
of the first and the last term, taken four times, is 4fhxx, and 
the square of the middle term inggxx^ now, if 4/A a? (K is greatev 
than ggxx94jhi9 also greater than ggf and in that case, the 
equation is evidently impossible. In all other cases the eqna- 

' tion is possible, and two real values of x may be assigned. 
It is true they are often irrational ; but we have already seen^ 
that, in such cases, we may always find them by approxima' 
tion ; whereas no approximations can take place with regard ta 
imaginary expressions, such asv/HT; for 100 is as far. from 
being the value of that root, as 1, or any other number. 

5S7. We have further to observe, that any quantUy of l&£ 
ztcmA degrett x x dr a x db b, fiiu^^ always be resclvMe into tvM 

Jtictors, such as (« d= jp) x (« ± q). For, if we took three 



or 
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factors, such as tbese^ we should come to a quantity of the third 
degree, and taking only one such factor, we should not exceed 
the first degree. 

It is therefore certain that every equation of the second degree 
necessarUy contains two values €f x, and that it can neither have 
more nor less. 

588. We have already seen, that when the two factors are 
found, the two values of x are also known, since each factor 
gives one of those values, when it is supposed to be = 0. The 
converse also is true, vi». that when we have found one value of 
X, we know also one of the factors of the equation ; for if ^ = ]i 
represents one of the values of Xf in any equation of the second 
degree, x — ji is one of the factors of that equation ; that is to 
say, all the terms having been brought to one side, the equation 
is divisible by a?---ji; and further, the quotient expresses the 
other factor. 

589. In order to illustrate what we have now said, let there 
be given the equation a; a; + 4 a? — 21=:0, in which we know 
that a? = 3 is one of the values of a?, because TxS'] + 4x3) 
_ 21=0; this shows, that a?*—* 3 is one of the factors of the 
equation, or that a; a? + 4 or — 21 is divisible by a? — 3, which 
the actual division proves. 

or — 3) o^A^-f 4ar — 21 {x + 7 
XX — 3a? 



7ar — 21 
7a? — 21 



0. 
So that the other factor is or -f 7^ and our equation is repre- 
sented by the product (a?— 3) x (a? + 7) = ,• whence the two 
values of a? immediately follow, ttie first factor giving a? = 3, 
and the other ^ = — 7. 
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aXTESTIONS FOB PRACTICE, 



InfiiMM^.. 



2x b 

1. Reduce -— and — tp a comttioii denenliistDh 

a 6 



!• Reduce 4 a^ ^ - to a oovmon detioniiMtgr* 

c 






.fit* JLIm^iI ^H^^ 
•mi* *;;*-*• ami — *t — =*♦ 

oc be 



3. Reduce —, —, and d to fracttoos bavk^ a commoii de- 

nominator. -^^^ Hi' 1^ and ^. 

^ x>vt: oac 6ae 

4. Ifteduce -^^ — and a + -jp to a common denominator. 

^^ 9a Sax 12fla +34jp 

•^- ITS' li¥'*'** isT— • 

«. RiBduee — > ^> and ■ ^ to aedmmon den^sminaton 

•6ar + 6a' 6x + 6a' 6:r+6a' 
ft c #1 

6. Reduce -^^r^ Ta'*"^ "a* *^ * common denominator. 






r 



il^noir I« CHAFTBR 10. 

r. Eequiped theproAict of ^ and ^. Jhi$. ~. 

B# Bcquired the product of ^, -^, and -^. Aik. 1^. 

9. Beqaind the product of - and ^4^. Jhu. ^J±iL£. 
10, Required the product of i^ wrf -1^. Jim. ifLf. 
lU Required the product of -^ and -^. •fliw. — L. 
, 12. Required the product of -^, --^, and ^^. .tfiw. 9 a x. 

13. Hequircd the product of J + ^ and A .tfns. i^^ti^. 

14. Required the product of — -— ^ and "tt^ — . 

DC '^' C 

a7> — 6* 



Jfn«. 



15. Reqiiired the product of x. ^"*" > and ^"^ \ 

a a + fc 



dflfis. 



J? 



3. 



«*+«*• 



16. Reqiiired tte q«otient of ^ divided by ^. Ms. l ~. 

17. Required the quotient of i? divided by V- •«»«. — . 
IS. Required the quotient of J^^^^u divided by -f-ilL. 

Id. Required tteHiuotientx)f-^^^ divided by — ^. 

3 :r 



•^ns. 



or* — fla:+a»* 

20. Required the quotient of — divided by -. Aw. — . 

21. Required the quotient of 1^ dirided by 5 *. Jhis. 14." 

7 ' ss 



«2. Reqaired the quotient of ^JlJ divided by ^. Jn,. f±i. 



6 



as. Beqnired tlie quotient of ^=f divided by illf . Am. f^*. 

oca 4 a 6c*:f 



X*— .6* 



S4. Required the quotient of ^^Z^bx + h^ "^^^"^ ^Y 



x — b • 

Infinite 8erie$. 

SEOTIOir II. CHAPTER 5. 

«5. Resolve -^^ into an infinite series. 



•Aim. jr4. -. 



X* 



Jm. X + — + J. tL &c. 



26. Resolve — - — into an infinite series. 

a -j- X 



or resolved uOo factors, 



a a* ^ a^ a* ^ 



a« 



fir. Resolve ^--j-j into an infinite series. 

28. Resolve ^-i— into an infinite series. 

a' 

29. Resolve v ^., into an infinite series. 

. 2x 8x» 4ar» , 



•/■^^ 



W 



/"/:"' 



questions far Pradice. M7 

Surds &r Irtatianal Members. 

SBCTIOH !• CHAJPTEBS IQ, 19 ; and SECTION n. CHIPTEB 8^ &c« 

50. Reduce 6 to the form of ^T» wffu* V36. 

51. Reduce a + 6 to the form of v3% -A'^* \/aa^2ab+bb. 



32. Reduce r— = to the form of I/j. Ans. Vi 

Vc * 



y^J" "^ ^^ "" *" -'- "V « • — •^- '^ 5 5 ^ 

33« Reduce a* and fr to the common exponent ~. 



3' 

Ms. a\K and »5|i 
34. Reduce vis to its simplest form. Ms. 4 \/T* 

35 Reduce Va' a?— o^a?* to its simplest form. 

9j___. 

36. Reducett ' ^ ^ to its simplest form. 

^86 — 8a '^ 

3 \ b — a 
sr. Add V6" to 2 -i/r; and vF to Vso. wins. 3 vS"; and V98# 

38. Add Via and \/ifi together. Ms. (a -f S) Va« 

39. Add -|p and -j|^ together. J«. ^^^* 

40. Subtract Via from v^^* ^^^* (fl — 2) Vai 

41. Subtract ^^ from |^- . Ans. ttpl >J^. 

42. MiUtiply V W »^y ^ TT- -^^^^ V^- 

43. Multiply \Ai by Va6. Ms* \/a^b*dK 

44. Multiply V4a — 3a? bj ^ a. ^ns. Vl6a» — I2a»a7, 

45. Multiply -j^ Va--d; by {c— d) vSH?! 

a c •— a d ■ 

Ms. — ^ — Va* jc— ,ajc». 






46 Multiply vr-. vr- x/Thys/a + vT- i/S"- 

47. Divide a^ by a^ ; and a" by oT. Jtn$. a^'v and a "*""*, 

mn 

. 48. Divide ^^r7^^ V#<jr~ax« by -1- vJTTlu^ 
no % 

49. Difidea* — od'ft+dvrby a*--vSr 

.tffif. a + vr^(L 

50. What is the cube of V2? J^fu. VsT 

91. What is the square of S yS^? Jifu. 9 c v$*T. 



52* What is the fourth power of *jj V^ 



? 
Jins. 



53. What is the square of S +\/r ? «tes. U *f 6 ^/sT 

54. What is the square root of a* 7 Jiiis. a> ; or v^. 

55. What is the cube root of a i' ? Am. abV^ ; or v^»; 

56. What is the cube root ot^a^^s* i «Au. ^/t^TZ^x^^ 

57. What is the cube root of a^ -^vax^^s ? 

58. What multiplier will render a + vr rational i 

Jln$. a— y/j'. 
69. What multiplier will render vS" — vT rational} 

<K). What multiplier will render the denominator of the frac- 
tien ■ .1- , ■ ^ rational? jins» vf — a/sT 

SECTION II. CHAPIVB 12. 

€1. Resolve v^a* + x« into an infinite series. 

^ 2o boJ ^160*; S^Saf^ 
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02. Resolve \/TTi into an infinite series. 

63* Resolve ya^^^x^ into anjnfinite series. 

64. Resolve yi-^x^ into an infinite series. 

65« Resolve ^r^ — x* into an infinite series. 

ar« o:^ a?« 5 a?'- 

66. Resohre — " into an infinite series-. 
Vo«— a?* 

•^"^•-S+57^+8^ + 48^'*^^ 
ST. Resolve (a» — o:*)^ into an infinite series. 

^«.. aT X (1 -^- 1^- -1^- &c, 
"^ oo> 25 a* 125 a« 

68. Resolve [^l+f^ into an infinite series^ 

\a» — a?« 

Of* 'T* T^ 

^ a* ^ 2 a* ^2a«* 

69. Resolve l.^l±£L hito an infinite series. ♦ 

Summation of Mihmetical Progressums. 

SECTION III. CHAPTER 4. 

70. REqiTiBED the sum of an increasing arithmetical pro* 
gression, having 3 for its first term, 2 for the common difference, 
and the number of terms 20. Jins. 440. 

7\. Required the sum of a decreasing arithmetical progres-^ 
Evl. Jtlg. 27 
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sion, having 10 for iti first terin»| for the OOWMB diflbr^neet 
and the number of terms Si. .^n$. 140. 

72. Required the number of all the strokes of a clock in 
twelve hours^ that iSf a complete revolution of the index. 

TS. Tlie clocks of Italy go on to 24 hours ; how many strokes 
do they strike in a complete revolution of the index ? Jins. 300* 

74. One hundred stones being placed on the ground, in a 
straight line, at the distance of a yard from each other, how far 
will a person travel wh« shall bring them one by one to a 
basket, which is placed one yard fmm the first stone. 

•/iiM» 9 mik» and 1300 ymis. 

Thegreaiest Cammim Bivisar, 

SECTION III. dUPTSa 9.^-^BQTIOH U CaASTBM 8« 

75. Reduce — s-^ — =— to its lowest terms. Jtns, — r. 

or ' ■■*■ h^ j^ ftV' MiM* b aC 

76. Reduce --j—— - — --- to its lowest terms. M$. r-r- • 

. yf . Reduce -r — -rz — - to Ms lowest t^rms^ Aw. -: — s — • 

_ , a?t— .ijt 1 

78. Reduce -t-— ^ to its lowest terms. jfeia. i. r"» -« 

on B 1 5o* + •Oa*x + 5a»x» , .^ , 

80- »*'!«<='' ^»x + 84«x»4...a?34x^ *» »*• J^^wt terma. 

fi^iiminafum of Oeomdrieal Progressions. 

SECTION III. CHAPTER 10. 

81. A AEBTANi: agreed with a master to serve bioi eleven 
years without any other reward for hia service than tho pro- 
duce of one wheat corn for the first year ; and that pi^odQct to 
be sown the secood year» and so oi^ from year to year till the 



^esiioM far fmcfm. <t t 

n^d of the tuoe* allowing the increase to be only in a tenfold 
proportion. What was the sum of the whole produce ? 

M$. lllUllllltO wheat corns. 

N. B. It is furttier required^ to reduce this nu'niber of corns 
to the proper measures of caparit^^, and then by supposing an 
average price of wheat to compute the value of the coi^s in 
money* 

8S. A servant agreed with a gentleman to serve him twelve 
months* provided he would give him a farthing for his first 
Montb^s service^ a penny for the second, and 4d for the third, 
&c. What did his v^ages amount to 7 Ans. 58^5^. B^. 5\d. 

85. SiWh an Indian^ liaving invented the game of chess, 
showed it to his prince, who was so delighted with it, that he 
promised him any reward be ahuulc) a^k; upon which Sessa 
requested that he might be allowed one grain of wheat for the 
first square on the chess board, two for the second, and so on, 
doubliog continually, to 64, the whole number of squares ; now 
supposmg a pint to contain 7680 of those grains, and one quar« 
ier to be worth It. 7$. 6d. it is required to C4)mpute the value of 
the whole sam of grains. Am. £64481488296. 

Simple Equations. 

SECTION IV. CHAPTER 2. 

84- If a? — 4 + 6 = 8, then willar = 6. 
, 85. If 407 — 8=:3ar + 20,then willa: = 28. 

86. If a 0! = a 6 •-' a, then will x^zb-^l, 

87. If 2ar + 4 = 16,then will 07 = 6. 

Se* 

88. If aa? + 2fta = 3c*, thenwilla:= — ~2J. 

d 

89. If -| = 5 + 3, then will or = 16. 

90. If ^ — 2 = 6 + 4, theii'WiUar = 18. 

b * h 

91. If a ~ — = c, then will x = — . 

92. If 5 « — 15 = 2x + 6, then willir=7. 

93. If 40 — 6a?— 16=120— 1407, then willa?=rW. 
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94. If -f •— ^ + 4= ^^y *bci> will ar = 24. 

05. If ^5^^ + -| = 20 — ^^=^, then will a; = 2S|. 

96. If &a: + 5 = 7,tbenwill« = 6. 

97. If « + V«*+«* = I then will xsa iL. 

98. If 5 a a? + -l—S =sft«— a, ifcen wOi « = i^^. 

99. If viaT* = 2 + V^ *e»» will x = 4. 

100. If j + V««» +y*= ^°* , ,thenwiny = 4«vC 

101. If J^ + ^^ =s 16 — ^-?, then win f = 13. 

102. If V*+VM^ = 4^ then will 0.= -;. 

Va + x S 



103, 
104 



. If V «* + ** = V** + -a?*, then will x = J gq/ » 

. If a:= V^* +a:V*» +ar»— a,thcnwUla?=^ — a. 

4 a 
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10*- " s¥:::4 = siF^rs' *''*" ^'^^ *= ^^ 

. _„ 42j? 35 ar ^. .„ 

106. If - — 5 = - — -,, then will x — 8. 

Ati Kf 

108. K^^^^=:-^^^^,theiiwina? = 6. 

109. If 615 or—- r or' = 4S or, then will a: = 9. 

^ 8£CTI0N IF. CH4PT£& 3* 



110. To find a mimber, to which, if there be added a half, a 
third, and a fourth of itself, the sum will be 50. M&^ 24. 

111. A parson being asked what his age was, replied that | 
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of his age multiplied by ^^ ^^ ^'^ ^S^ P^^ ^ prodact equal to 
his age. What was his age ? Ms* 16. 

112. The sum of 6602. was raised for a particular purpose by 
four persons. A, B, C» and D ; B advanced twice as much A i 
C as much as A and B together $ and D as much as B and C« 
What did each contribute ? Ms. 60/, l^Ol, t80l» and SOOL 

lis. To find that number whose | part exceeds its ^ part 
by 12. Ans. 144. 

114. What sum of money is that, whose | part, | part, and | 
part .added together, amovnt to 94 pounds ? Jins. 120f. 

. 115. In a mixture of copper, tin, and lead, one half of the 
^hole — ^ 16/6. was copper ; | of the whole — 12/6. tin ; arid ^ 
of the whole -f 416. lead : what quantity of each was there in the 
composition ? 

Ms. 126/6. of copper, 84/6. of tin, and 76/6. of lead. 

116. What number is that, whose ^ part exceeds its 4 by 72 ? 

Ms. 540. 

117. To find two numbers in the proportion of £ to 1, so that 
if 4 be added to each, the two sums shall be in the proportion of 
S to 2* Ms. 8 and 4. 

118. There are two numbers such that ^ of the greater added 
to -^ of the less is IS, and if | of the less be taken from | of . the 
greater, the remainder is nothing ; what are tlie numbers ? 

Jns. 18 and 12. 

119. In the composition of a certain quantity of gunpowder f 
of the whole plus 10 was nilre; | of the whole minus 4^ was 
sulpkur, and the charcoal was | of the nitre — 2. How many 
pounds of gunpowder were there ? Jlns. 69. 

120. A person has a lease for 99 .years ; and being asked 
how much of it was already expired, answered, that two thirds 
oC the time past was equal to four fifths of the time to come : 
required the time past. .^15. 54 years. 

121. It is required to divide the number 48 into two such 
parts, that the one part may be three times as much above 20 
as the other wants of 20. Ms. 32 and 16. 

122. A person rents 25 acres of land at 7 pounds 12 shillings 
per annum ; this Jaud consisting of two sorts^ he rents the better 
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sort At 8 shiUingB per acre^ and tbe wmw at 5 : required ttia 
namber of acres of the better sort Am. 9. 

123. A certain cistem» which would be Ullcd in 12 minutes 
by two pipes running into it^ would be filled in 20 minutes by 
one alone. Required^ in what time it %iouId be filled by the 
other alone* Jins. SO minutes. 

124. Required two numbers, whose sum may be Sf and tlieir 

proportion as a to h. An». — r-r and — --r. 

125. A privateer, runttinjf^ at the rate of 10 miles an hour, 
discovers a ship 18 miles off making way at the rate of 8 miles 
an hour ; it is demanded how many miles the ship can run be^ 
fore she will be overtaken ? An$* 72. 

126. A gentleman distributing money among some poor 
people, found he wanted lOi. to be able to give 5«. to each ; 
therefore he gives 4s. only, and finds that he has 5s. left : re« 
quired the number of shillings and of poor people. 

Am. \ 5 poor people, and 65 shillings. 

127. There are two numbers whose sum is the 6th part of 
their product, and the greater is to the less as S to 2. Rt^utred 
those numbers. A%s. 15 and 10. 

JV*. B. This question may be solved likewise by means of one 
unknown letter. 

128. To find three numbers, such that the first, with half the 
other two, the second with one third of tbe other two, and the 
third with one fourth of the other two, may be equal to 34. 

Ans. 26, 22, and 10. 

129. To find a number consisting of three places, whose 
digits are in arithmetical progression ; if this number be divided 
by the sum of its digits, the quptient will be 43 ; and U' frmn 
tbe number be subtracted 198, the digits will be inverted. 

Ms. 432. 

130. To find three numbers such, that | the first, 4 of tbe se« 
€ond, and \ of the third, shall be equal to 62 ; | of the first, | of 
the second, and \ of the third, equal to 47 ; and | of the first, 
\ of the second, and \ of the third, equal to 38. 

Ans. 24, 60, 120. 

131. To find three numbers such that the first with | of the 
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«um of the second and third shall be 120, the second with \ of 
the difference of the third and first shall be 70, and ^ of the suoi 
of the three numbers shidl be 95* Ms. 50» 63, 75. 

is2. What is that fraction which will become equal to |, if 
an unit be added to the numerator ; but on the contrary, if an 
unit be added to the denominator^ it will be equal to ^ ? 

Jns. y\« 

133. The dimensions of a certain rectangular floor are sucbf 
that if it had been £ feet broader, and S feet longer, it would 
have been 64 square feet larger ; but if it had been 3 feet broad- 
er and 2 Teet longer, it would then have been 68 square feet larg- 
er ; required the length and breadth of the floor. 

Jns. Length 14 feet, and breadth 1 feet. 

134. A person found that upon beginning the study of his 
profession ^ of his life hitherto had passed before he commenced 
his education, ^ under a private teacher, and the same time at a 
public school, and four years at the university. What was his 
age ? Ans. 21 years. 

135. To find a number such that whether it be divided into 
two or three equal parts the continued product of the parts shall 
be equal to the same quantity. Jins. 6|. 

136. There is a certain number, consisting of two digits. 
The sum of these digits is 5, and if d be added to the number 
itself the digits will be inverted. What is the number ? 

Ans. 23. 

137. What number is that, to which if I add 20 and from f of 
this sum I subtract 12f the remainder shall be 10 ? Ms. 13. 

Quadratic Equations. 

SECTION IV. CHAPTEB 5. 

138. To find that number to which 20 being added, and from 
which 10 being subtracted, the square of the sum^ added to 
twice the square of the remainder, shall be 17475. .Ans. 75» 

139. What two numbers are those, which are to one another 
in the ratio of 3 to 5, and whose squares, added together, make 
1666 ? Ms. 21 and 35« 
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140. The sum 2 a, and the sum of the squares 2 b, of two num* 
bers being given ; to find Che numbers. 

•Am. a— V6 — a* and a+^fZT^. 

141. To divide the number 100 into two such parts, that thto 
sum of their square root^^may be 14. Jim. 64 and 36. 

142. To find three such numbers, that the sum of the first 
and second multiplied into the third, may be equal to 63 ; and 
the sum of the second and third, multiplied into the first equal 
to £8 ; also, that the sum of the first and third, multiplied into 
the second, may be equal to 55. jim. 2, 5, 9. 

143. What two numbers are those, whose sum is to the 
greater as 11 to 7 Mbe difference of their squares being 132 ? 

Jins. 14 and 8. 
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